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f^ ' Abstract. Let T)^{A) be the derived category of a finite dimensional basic 

algebra A with finite global dimension. We construct the Lie algebra arising 
from the 2-pcriodic version IC2{'P{A)) of IC^{'P{A)) in term of constructible 

^^ ■ functions on varieties attached to K2{'P{A)). 

■ ^ ' 1. Introduction 

1.1. In the last thirty years of the twentieth century, there were two parallel fields 
in mathematics got extensively developed. One is the infinite dimensional Lie the- 
ory, in particular, the Kac-Moody Lie algebras. One is the representation theory of 
O^l ' finite dimensional algebras, in particular, the representations of quivers. The close 

^ , relation between the two subjects was discovered in a very early stage. Gabriel in 

~^ ' [G| found that the quivers of finite representation type were given by the Dynkin 

graphs in Lie theory, and the dimension vectors provide the bijective correspondence 
tH- ' between the isomorphism classes of indecomposable representations of the quiver 

(^ \ and the positive root system of the semisimple Lie algebra. After the Gabriel the- 

^«0 ' orem, a lot of progress on the connection between the representations of quivers or 

hereditary algebras and Lie algebras had been made, for example, by Bernstein- 
f~i ■ Gelfand-Ponomarev jBGPj and Dlab-Ringel |DR| . The final and most general result 

jrt ! is the Kac theorem |K1) which extends to consider the quiver and the symmetric 

Kac-Moody algebra of arbitrary type. It states that the dimension vectors of inde- 
composable representations are exactly the positive roots, a unique indecomposable 
corresponds to each real root and infinitely many to each imaginary root; the mul- 
tiplicity of the imaginary root, which is conjectured by Kac in ||K21, is given by a 
}J] ' geometric parameter in terms of representations of the quiver. A new progress on 

_C^ \ the Kac conjecture is by Crawley-Boevey and Van den Bergh in |CB Vj . 



X 



1.2. Ringel in |R2j discovered his Hall algebra structure by giving an answer to 
the following fundamental question: how to recover the underlying Lie algebra 
structure directly from the category of representations of the quiver. 

Let Q be a quiver, A = ¥qQ the path algebra of Q over Fg : the finite field with 
q elements. Set V — {isoclasses of representations of Q}. For any a &V choose Va 
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to be a representative in the class a. Given three classes A, a, /3 G V ., let g\n be 
the order of the finite set {W < Va|W^ = Vg, Vx/W^ = Va)- By taking w = ^ and 
the integral domain Q(w), the (twisted) Ringel-Hall algebra 'H*(^) can be defined 
to be a free Q(ti)-module with basis {ua|A G V^ and multiplication is given by 



Ufi ~ i]\-^'f^i yj g^fiU\ for all a, /3 e T'. 






One may consider the subalgebra of H*(A) generated by u.i — m^^, for i G /(= 
Qo) where a^ G T' is the isoclass of simple v4- module at vertex i. The subalgebra is 
called the composition algebra and it is denoted by C*{A). On the other hand, the 
index set / of simple ^-modules together with the symmetric Euler form (/,(—,—)) 
of j4 is a Cartan datum in the sense of Lusztig L4 . For a Cartan datum (/,(—,—)), 
the quantized enveloping algebra Ug defined by Drinfeld [Dr and Jimbo [Jl is asso- 
ciated with it. The positive part U^ is generated hy Ei, i Cz I with subject to the 
quantum Serre relations. 

There is a usual way to define the generic form C*{Q) of the composition algebra 
C*{A) by considering the representations of Q over infinitely many finite fields. 
Then C*{Q) is a Q(w)-algebra where v becomes a transcendental element over Q. 
Put ul*^' = -^r-T for i G / and n € N and let C*{Q)z be the integral form of 

C*{Q), which is generated by w^*" , i £ I, n G N over the integral domain Z — 
Z[v,v~^]. Also the quantum group Z^+ has the integral form UJ^, which is generated 

by i?j , i £ I, n G N over Z. Then by Ringel |R1| and Green |Grj . the canonical 



map C*{Q)z -> U^ by sending m^*"^ to £'|"' for i G / and n G N leads to a 
Z-algebra isomorphism, if the two algebras share a common Cartan datum. 

Let indT' = {isoclasses of indecomposable representations of Q}. Then g^n can 
be regarded as a function on q for a,/3,X G indT'. In fact, Ringel in [R2' proved 

Ja/B 



that g^g is an integral polynomial on q when Q is of finite type. One can take 



the integral value 5^«(1) by letting that q tends to 1. Ringel |R2| . for Q of finite 



10V 

type, prove that the u^^a G indT^, spanned a Lie subalgebra of C*(Q) |g=i with 
Lie bracket 

Aeindp 
for a, /3 G indT^. This realized the positive part n+ of the semisimple Lie algebra g. 
Of course, Ringel's approach also works for Q of arbitrary type. In general, there 
exists the generic composition Lie subalgebra C of C*{Q) |q=i generated by Ui,i £ I 
and indP is no longer to index a basis of C Now C is canonically isomorphic to the 
positive part n"*" of the symmetric Kac- Moody Lie algebra q. For a realization of the 
whole 0, not just its positive part, Peng and Xiao in [PX3| have constructed a Lie 
algebra from a triangulated category with the 2-periodic shift functor T, i.e, T^ = 1. 
If, specially, consider the 2-periodic orbit category of the derived category of a finite 
dimensional hereditary algebra, the Lie algebra obtained in |PX3| gives rise to the 
global realization of symmetrizable Kac-Moody algebra of arbitrary type. In |PX3] 
they consider the triangulated categories over finite fields. Replacing counting the 
order of the filtration set, they calculate the order of the orbit space of a triangle. 
By a hard work, they obtained a Lie ring 0(g_i) over Z/(q — 1) for the prime 
powers q — |Fq|. Then they performed their work over finite field extensions of 
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arbitrarily large order and construct a generic Lie algebra which is similar to the 
generic composition Lie subalgebra done by Ringel in |R3l . A transcendental Lie 
algebra was finally obtained. 



1.3. Quickly after the work of Ringel |Rlj . people realized that a geometric setting 
of Ringel-Hall algebra is possible by using the convolution multiplication (see [Sch] 
and [Ll| ). Let Q be a quiver and a = J^tei '^i* ^ ^[^] ^ dimension vector. We fix 
a /-graded space C" = (C°')ig/. Then 

Ea= Home (C°='('", €"*(")) 

h:s(/l)->t(/l) 

is an affine space. Set 

Ga=U^eIGL{a^,C). 

For any (xh) E E„ and g = {g{) £ G^, we define the action g- (x,i) = {gt(h)XhgJ(]i))- 
For any Q-representation M with dimM = a, let Om C Eq be the Ga-orbit of Af . 

For an algebraic variety X over C, a subset A of X is said to be constructible if 
it is a finite union of locally closed subsets. A function / : X ^ C is constructible 
if it is a finite C-linear combination of characteristic functions lo for constructible 
subsets O. 

We define Mq^ {Q) to be the space of constructible Ga-invariant functions Eq, — > 
C, and let Mq{Q) — @^^m Mc^{Q)- Let mdEa{Q) to be the constructible subset 
of Eq consisting of all points x which correspond to indecomposable Q-representations, 
and let mdMo^{Q) to be the space of constructible Ga-invariant functions over 
indEfj. We may regard as indMc^iQ) = {/ G MQ^{Q)\snppf C indEd, and 
indAfcCQ) = ffiaGfi+ii^dM(3^((5), where, by Kac theorem, i?+ is the positive root 
system of the Kac-Moody Lie algebra corresponding to Q. The space Mc{Q) — 
® aeN/ ^^Ga (Q) '^^^ ^6 endowed with the associative algebra structure by the con- 
volution multiplication: 

loi *lo2(y) =x(-^c)ioJ 
for any G^ -invariant constructible set Oi and G^ -invariant constructible set O2 
with a,P € N/, where J"^^c^ = {x e O2 \ M{x) C M{y) and M{y)/M{x) G d} 
and x(^) denotes the Euler characteristic of the topological space X. As in |Rie] 
and |DXX] . it can be proved that the space indAfG(Q) has a Lie algebra structure 
under the usual Lie bracket 

Applying this setup to the case Q being a tame quiver, Frenkel-Malkin-Vybornov 
[FMV] gave an explicit realization of the positive parts of afhne Lie algebras. 

1.4. The great progress is made by Lusztig, who apply the Hall algebras in a 
geometric setting to study the quantum groups (see [Ll] and |L2| ) and the en- 
veloping algebras (see [L5]). The canonical bases of the quantum groups and the 
semicanonical bases of the enveloping algebras were originally constructed in terms 
of representations of quivers. However Lusztig |L2] has pointed out that a more 
suitable choice is the preprojective algebra, which is given by the double quiver of 
Q with the Gclfand-Ponomarev relations. Further progress in this direction is the 
study of Nakajima ^ on his quiver varieties, which leads to a geometric realization 
of the representation theory of Kac-Moody algebras. 
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Inspired by Ringel's work on Hall algebras and Lusztig's geometric approach to 
quantum groups, the aim of this paper is to give a global and geometric realization 
of the Lie algebras arising from the derived categories, which is a generalization of 
our earlier work [PX3^ . 

1.5. If we consider the module category oi A ~ CQ/J, we have the algebraic va- 
riety Erf((5, R) for ^-modules with a fixed dimension vector d and it is a G- variety 
where G = Gd{Q) is a reductive group. According to the work of C.de Concini 
and E.Strickland in |CS) and M.Saorin and B.Huisgen-Zimmermann in [SHZ,, this 
geometry can be generalized to over the chain complexes of A-modules. Section 
2 is devoted to do this. Let Kq{'D^{A)) be the Grothendieck group of 'D^{A) and 
dim be the canonical map from the abelian group of dimension vector sequences 
to K(^{V^{A)). Given d G K(^{V^[A)) and d £ dim"^(d), the set C^(A,d) of 
all complexes of ^-modules with the dimension vector sequences d and its subset 
7^''(v4, d) of all projective complexes can be endowed with the affine variety struc- 
tures. LetC''(A,d) (resp. 'P^(A, d)) be the direct limit of C** (A, d) (resp. V^{A,d)) 
for d G dim^^(d). Here, we associate to K'^{V{A)) its quotient space Q'P^{A,A) 
which is the direct limit of the quotient spaces QV^{A,d)) of V^{A,d) under the 
action of some algebraic group Gd- Our main aims in Section 2 are to study the 
relation between Q^{A,d) and QV^{A,d), the action of derived equivalence on 
Q''(^,d) and QV^{A,d) and characterize the orbit space QP''(A,d) of V^{A,A) 
under the action of the direct limit Gd of algebraic groups Gd ■ Therefore the main 
point in Section 2 is that, we can regard the Gd-invariant geometry in 'P''{A, d) as 
the moduli space in which the orbits index the isomorphism classes of objects in 
the derived category. 

In Section 3, we consider the inverse limit of the C-space of Ge-invariant con- 
structible functions over V''{A, e) for any e G dim" (d). Any element in the inverse 
limit can be viewed as a Gd-invariant constructible function over V^{A, d). We de- 
fine the convolution between Gd-invariant constructible functions. Our main result 
in Section 3 is that our convolution rule is well-defined. In order to prove it, we 
need to define the naive Euler characteristic of the orbit spaces induced by trian- 
gles in the triangulated category as in |Joll Section 4.3]. The theorem of Rosenlicht 
[Ro| for the algebraic group action on varieties is crucial for us. Section 4 is just 
to transfer the results in Section 3 to the 2-periodic orbit categories of the derived 
categories. 

Section 5 is devoted to verifying the Jacobi identity. In |PX3| . by counting the 
Hall numbers Fj^y for the triangles of the form AT -^ L — >■ y — >■ X[l], it has 
been proved that the Jacobi identity can be deduced from the octahedral axiom of 
the triangulated categories. However we need to prove that the correspondences 
among the various orbit spaces in the derived categories are actually given by the 
algebraic morphisms of algebraic varieties. We think this geometric method is more 
transparent to reflect the hidden symmetry in the derived category. Additionally, 
we get the two properties which is unknown in |PX3| . Firstly the proper assumption 
in |PX3] is not necessary, in fact, it is easy to give examples such that dimX = for 
some nonzero indecomposable X in 'D^{A). Secondly we show that the Lie algebras 
arising from the 2-periodic orbit categories of the derived categories always possess 
the symmetric invariant form in the sense of Kac |K3j . which is essentially non- 
degenerated. Section 6 is to apply the construction to the 2-periodic orbit categories 
of the derived categories of representations of quivers, particularly, tame quivers. 
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This gives rise to a global realization of the symmetric (generalized) Kac-Moody 
algebras of arbitrary type. In particular, an explicit realization of the affine Lie 
algebras. 

1.6. Finally we should mention recent advances by Toen [T] and Joyce | Jo2) . Toen 
defined an associative algebra, called the derived Hall algebra associated to a dg 
category over a finite field. A direct proof for Toen's theorem is given in [XX]. 
Joyce considered a new Ringel-Hall type algebra consisting of functions over stacks 
associated to abelian categories. Their results can be viewed as improvements of 
the Ringel-Hall type algebra with respect to categorification and geometrization. 
However, it is unknown how to define an analogue of the derived Hall over the 
complex field (see |L6) [N]) or an analogue of the derived algebra for the 2-period 
version of a derived category (see [T] and pOT). Hence, it is still an open question 
to define an associative multiplication which induces the Lie bracket in this paper 
and supplies the realization of the corresponding enveloping algebra. 



2. Topological spaces attached to derived categories 

2.1. Module varieties. Given an associative algebra A over the complex field C , 
in this paper, we always assume that A is both finite dimensional and finite global 
dimensional. By a result of P.Gabriel ([^) the algebra A is given by a quiver Q with 
relations R (up to Morita equivalence). Let Q — {Qa,Qi,s,t) be a quiver, where 
Qo and Qi are the sets of vertices and arrows, respectively, and s,i : Qi — ?> Qo 
are maps such that any arrow a starts at s(a) and terminates at t{a). For any 
dimension vector d = {di)i^Q„, we consider the affine space over C 

%(Q)- Homc(C^=<"),C'^'(°)) 

aeQi 

Any element x — {xa)aiEQi i^i ^d{Q) defines a representation (C-, x) where C- = 
©ieQ ^'^'' -^ relation in Q is a linear combination X]i=i ^iPii where Ai G C and 
Pi are paths of length at least two with s{pi) = s{pj) and t{pi) = t(jpj) for all 
^ 1^ hj <r. For any x = {xa)a£Qi G Ed and any path p — aia2 ■ ■ ■ am in Q we set 
Xp = Xa-iXa2 • • • Xa^- Then X satisfies a relation X]I=i ^iPi i^ 12l=i ^i^Pi = 0. If i? 
is a set of relations in Q, then let Ed{Q, R) be the closed subvariety of Ed{Q) which 
consists of all elements satisfying all relations in R. Any element x = {xa)aeQi 
in Ed{Q,R) defines in a natural way a representation M{x) oi A — CQ/J with 
dhnM{x) — d, where J is the admissible ideal generated by R. We consider the 
algebraic group 



Gd{Q)= n GL(d„C), 



leQo 

which acts on Ed{Q) by (xa)» = (5t(a)2;aff7(Q)) ^°'' 9 ^ Gd and {xa) e Ed- It 
naturally induces the action of Gd{Q) on Ed{Q,R)- The induced orbit space is 
denoted by Ed{Q, R)/Gd{Q)- There is a natural bijection between the set A^(A, d) 
of isomorphism classes of C- representations of A with dimension vector d and the set 
of orbits of Gd(Q) inEd((5,i?). So we may identify A^( A, d) with Ed(Q,i?)/Gd(Q). 
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2.2. Categories of complexes. First we consider the category of complexes C{A). 
Its objects are sequences M' — (M„,9„) of finite dimensional A-modules and their 
homomorphisms 



(2.1) 



-> M„ 



-> M, 



n+l 



-> M, 



n+2 



such that dn+idn = for all n. A morphism ip' : M' — > M" between two complexes 
is a sequence of homomorphisms (/>* = (</>„ : M„ — > Af/J„gz such that the following 
diagram is commutative. 



-^ Af„ 



-^ M, 



n+l 



-¥ M, 



a„4 



(2.2) 



9' 



Al' 



a,' 



-> m: 



9' 



ri+2 



K+2 



9' 



One says that such a morphism is homotopic to zero if there are homomorphisms 



Af„ 



A/' 1 such that 



<^n+idn + f^n-i'^n fo'" ^1^ n G Z. Thc factor 



category /C(^) of C(A) modulo the ideal of morphisms homotopic to zero is called 
the homotopic category of ^-modules. For each n the n-th homology of a complex 
is defined as ff„(Af*) = Ker9„/Imi9„_i. Obviously, a morphism (/>* of complexes 
induces homomorphisms of homologies Hn{4>*) ■ iJ„(Af*) — >• Hn{M'*) and if (j)* 
is homotopic to zero, it induces zero homomorphisms of homologies. One call a 
morphism (p* in C{A) or in IC{A) quasi-isom,orphism, if the induced morphisms 
Hn{4>') are isomorphisms for all n. Now the derived category I?(A) is defined to be 
the category of fractions JC{A)[J\f^^], where M is the set of all quasi-isomorphisms, 
which is obtained from IC{A) by inversing all morphisms in Af. One calls a complex 
right bounded {left bounded, bounded, respectively) if there is uq such that Mn = 
for n > no { there is ni such that Af„ = for n < ni, or there are both, 
respectively). The corresponding categories are denoted by C~{A),1C~{A),'D~{A) 
{hyC+{A),IC+{A),V+{A), orhy C''{A),IC''{A),V''{A), respectively). In this paper 
we mainly deal with the bounded situation. 

The category ^-mod of finite dimensional ^-modules can be naturally embedded 
into 'D{A) (even in V^IA)): a module M is identified with the complex M* such 
that ATo = Af and Ar„ = for n 7^ 0. 

A complex P' = {Pn,dn) is called projective if all P„ are projective A-modules. 
Since the category A-mod has enough projective objects, one can replace, when 
considering right bounded homotopic and derived category, arbitrary complexes by 
projective ones. We denote by V~{A) and by V'^iA) the full subcategories of C~(A) 
and C^(A) which consist of right bounded and bounded projective complexes, re- 
spectively. Actually, we have T>^{A) ~ JC^ {V^ {Aj) ~ V^{A)/X, where X is the 
ideal of morphisms homotopic to zero fsee |GMj ). Moreover, every finite dimen- 
sional ^-module M has a projective cover, i.e., an epimorphism pM '■ P{M) — >■ M 
such that P{M) is projective and Kei pm Q radP(Af), the radical of P(A/). There- 
fore, we can only consider minimal or radical projective complexes P* = {Pmdn) 
with the property: P„ is projective and Imi9ji C radP„+i for all n. Let ra,dV~{A) 
be the full subcategory of V~{A) which consist of minimal projective complexes. 
Since every projective complex in V~{A) is quasi-isomorphic to a minimal projec- 
tive complexes, we have 'D~{A) ~ i:a,dV~{A)/I, where I is the ideal of morphisms 
homotopic to zero. One immediately checks that a morphism cp* between minimal 
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projective complexes induces an isomorphisni in 'D^(A) if and only if 0* itself is 
an isomorphism in radV^ (A). If we further assume that the global dimension of 
A is finite, then we have 'D^{A) ~ la.dV^iA)/!, since any bounded complex has a 
bounded projective resolution. 



2.3. Complex varieties. The geomctrization of v4-modules with dimension vector 
d can be carried over, in the same spirit, to the complexes. Let the algebra A = 
CQ/ J be of finite global dimension and the admissible ideal J is given by a set 
R of relations in Q. For a dimension vector d we understand as d : Qo -^ N. We 
set the Qo-graded C-space C- = 0,^0^ C-^-'^. For a sequence of dimension vectors 
d = (■ ■ • ,^_i,^0'^i' ' ' ■ ) witb only finite many non-zero entries, we define C''{A,d) 
to be the closed subset of (see [SHZj ) 

which consists of elements {xi,di)i, where Xi G E^.(Q,i?) and M{xi) = {C-i,Xi) is 
the corresponding A- module and di € Homc(C-', C-»+i) is a A-module homomor- 
phism from M{xi) to M{xi+i) with the property di+idi = 0. In fact, {M{xi), di)i, or 
simply denoted by {xi, di)i, is a complex of A-modules and d is called its dimension 
vector sequence. 

The group Gd '■— Yliez Gd. {Q) acts on C^{A, d) via the conjugation action 

{gi)i{xi,di)i = {{xiY\gi+idig~'^)^ 

where the action {xiY^ was defined as in Section 2.1. Therefore the orbits under the 
action correspond bijectively to the isomorphism classes of complexes of ^-modules. 
We fix a set Pi,P2,- ■ ■ ,Pi to be a complete set of indecomposable projective 
A-modules (up to isomorphism). Let V^^A) be the full subcategory oiC^{A) which 
consists of projective complexes P* = (P*, di) such that each P* has the decomposi- 
tion P' ~ ®i=i ^]-Pj- We denote by e(P') the vector (e^, 63, • • • , e]). The sequence 
(• • • je(P^^),e(P°),e(P^), • • • ), denoted by e(P'), is called the projective dimen- 
sion sequence of P*. Put d(e) — (dj, where d^ = dim P\. In the similar way as in 
|JSZ| . for a fixed projective dimension sequence e = (• • • , e^, • • • ), we define P''(A,e) 
to be the locally closed subset of C^(^,d(e)) consisting of {xi,di)i with (C-^a^i) 
isomorphic to P' for any i &T,. The action of the algebraic group Gd(e) '■= Yiiez ^d. 
on C''(^, d(e)) induces an action on V^{A,e). 

2.4. In this subsection we consider the topological structures which are endowed 
with C^{A) and V^iA). 

Let Kq{'D''{A)), or simply by Kq, be the Grothendieck group of the derived 
category 'D^{A), and dim : T>''{A) — )• Ko{'D^{A)) the canonical surjection. It induces 
a canonical surjection from the abelian group of dimension vector sequences to Kq, 
we still denote it by dim. We have known that the set C''{A,d) of all complex of 
fixed dimension vector sequence d in C^{A) is an affine variety. For any d]^,d2 G 
dim" (d), we write dj^ < dj, if there exists a complex Af*(d]^, dj) in C''{A,d2 ^^1) 
which is a direct sum of shifted copies of complexes of the form 

^0 ^S^-^S ^0 ' 
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where S' is a simple A-module. This defines a partial order on dini^^(d). Fix the 
set 

{M*(di,d2) I di,d2 e dim-^(d),M*(di,d2) ® M*(d2,d3) = M*(di,d3)}. 

We have a morphism of varieties : 

Td^d, :C^(A,di)^C''(A,d2) 

mapping a complex X* to X* ® -^-^*(d]^,d2). Then we obtain a direct system 
{(C''(yl,d),Tdd') I d,d' e dim~Vd)| and define 

C\A,d}= lim C\A,d) 
dedim"^(d) 

for d G Ko. We have a canonical morphism Td : C^{A,d) -^ C^{A,d) for any 
d e dim^^(d). A subset U is open in C''{A,d) if and only if T^^iU) is open in 

C*(A,d) for any d € dim'^d). 

Moreover, we also define the quotient space Q''{A, d) = C''{A, d)/ ~, where x ~ y 
if and only if the corresponding complexes M(x)* and M{y)* are quasi- isomorphic 
to each other, i.e., they are isomorphic in 'D^{A). The topology of Q^(A,d) is 
quotient topology, i.e., let tt : C^{A,d) -^ Q^{A,d) be the canonical surjection, U 
is an open (closed) set of Q''{A, d) if and only if 7r~^{U) is an open (closed) set of 
C''{A,d). Let 5 be a subset of C''(A,d). Its orbit space is defined as 0(5*) = {y\y ^ 
X for some x e S*}. 

A complex X' — {Xi, di)i is called contractible if the induced homological groups 
Hi{X*) — ker9i_|-i/Im9i — for all i e Z. It is easy to see that any contractible 
projective complex is isomorphic to a direct sum of shifted copies of complexes of 
the form 

... > — ^ P — ^ P — ^ > ... 



with P is a projective A-modulc and / is an automorphism. We call an element 
X G V^iAjB) contractible if the corresponding projective complex is contractible. 
Let Bi and Cj be projective dimension sequence such that d(e]^) and d(e2) are 
in dim ~ (d). We write ei < e^ if there exists a contractible projective complex 
^*(ei,e2) e 'P''{A,e2 -e^). We fix the set 

{P'{e„e^) I P*(ei,e2)®P*(e2,e3) = P-(ei,e3),d(ei),d(e2),d(e3) Gdim-i(d)} 

of contractible projective complexes. Then we have a canonical morphism of vari- 
eties 

t.,.,:V''(A,e,)^V\A,e,) 
mapping X' to X* ® P'(§.ii&2)- Hence, we can define 

V\A,d}= linj VHAe) 

d(e)edim"^(d) 

for any d G Kq. By definition, there are canonical morphisms te : 'P''(A,e) ^■ 
P''{A, d). We have the quotient space 

QP\A,d)^P\A,d)/^, 

where x ^ y in V^{A, d) if and only if the corresponding projective complexes P{x)* 
and P{y)* are quasi-isomorphic, i.e., they are isomorphic in 'D''{A). The topology 
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for Q'P''iA, d) is the quotient topology from V'^iA, d). For any x e 'P''iA, d), then 
the orbit is 

0{x)={yeV\A,d)\y^x}. 
For ei < §2, there exist a natural morphism of varieties /e e : Gd{e ) ^ ^^(6 ) 

mapping g = (gi) to I 1^ 1 . Then we define 

Ga = lin^ ^d(e)- 

d(e)g dim ~Vd) 

By definition, there are canonical morphisms /e : Ge — > Gd- The action of the 
algebraic group G'd(e) on V''{A,e) naturally induces an action of Gd on P^{A,d). 
Let ge G Ge and Xe' £ 7'''(A, e'). Then there exists e" such that e < e" and e' < e". 
We define 

fe{ge)-te'{Xe') = /e" (/ee" (ffe)- W' (a^e' ))• 

It is well-defined. We denote by Q'P''{A,e) and QiV''{A,d) the orbit spaces of 
V^{A,e) and 'P''{A,d) under the actions of Gd(e) and Gd, respectively. We have 
the follow result. 

Proposition 2.1. With the above notations, we have 

QV'iA,d)^QiVHA,d)^ \u^ QV'iA^e). 

d(e)edim-i(d) 

The proposition is the direct corollary of the following three lemmas (see [BDj 
or [JSZj ). 

Lemma 2.2. InV^{A), any projective complex can be uniquely decomposed (up to 
isomorphism) into the direct sum of a minimal projective complex and a contractible 
projective complex. 

Lemma 2.3. Let /* : P* — > Q' be a morphism between two minimal projective 
complex in V''{A). Then f is a quasi-isomorphism if and only if f is an isomor- 
phism. 

Lemma 2.4. Let f : P' -^ Q' be a morphism in 'P''{A) and e{P') = e{Q'). 
Then f is a quasi-isomorphism if and only if f is an isomorphism. 

2.5. The aim of this subsection is to build the connection between Q,''{A,d) and 
QP\A,d). 

Lemma 2.5. Suppose the following diagram is a pullback of A-module, and gi is 
surjective, 

X ^' > Y 



1 



/2 



Z -^^ w 



then we have the following properties hold: 

(1) Kerf I = Kerg2; 

(2) y - w^; 

(3) there exists the exact sequence: —^ X — > Y (B Z —^ W 



10 



JIE XIAO, FAN XU AND GUANGLIAN ZHANG 



Proof. The first and third statement just follow the definition of pullback, refer 
to |ARSj . For the second statement, we use the first statement again to get an 
isomorphism:ii'er/2 = Kergi. By this, the conclusion follows. D 

For any dimension vector sequence d = {dj_)i^z, we construct for any complex M* in 
C''{A,d) a projective complex F* such that F* is quasi-isomorphic to M*. Assume 
dimc^ = n and gl.dim.A = m. 

Let M* be a complex with the following form: 



(2.3) 







-> Ml 



di 



^ M, 



r-l 



-^ Mr 



-> 



which dimcAfi = di for any i ^ Z. Here, if dj = {dDj^Q^, then di = J2jeQa '^i' 

Since Mr has dimension dr, we have the surjective map: tt^ : A'^'' — > Mr. Along 
the differential dr and the above TTr, we form the pullback Xr-i'. 



(2.4) 



-^ Mr-2 
id\ 



-^ Mr- 



r-2 



-> Mr-1 



-> Mr 



-^ 



-> 



Depending on Lemma 2.6, we have the following exact sequence: 

> Xr_i > A'^- ® Mr-l — > Mr — > 

The dimension of Xr^i, denoted by Ir-i, is dr-i + dr{n — 1). Similarly, we have 
the surjective map: tt^ : A'''^^ — > Xr-i, and tt,. is also surjective by the lemma. 
So we can also form the pullback Xr~2 as showed in the following diagram: 



(2.5) 



Mr-3 - 

Mr-3 ^ Mr-2 



■ Xr-2 — ^^- A''-i ^ A'-'' ^ 



Xr-1 



■ Ad, 



dr--} dr-1 dr 

Mr-3 ^ Mr-2 ^ Mr-1 -^ M, 







Inductively, we get a complex of 'almost' free A-module F' as follows: 

(2.6) > P y . . . > A'l ^^ . . . > A'^ > 

where U + U-i = nli + di-i for i = 2 — to, • • • , r, in particular, Ir — dr and P is 
a projective module of dimension nl2-m — h-m- Every term of this complex is a 
free A-module except the first term. By the construction, there exists a projective 
dimension sequence e only depending on the choice of dimension vector sequence 
d such that F* e 'P''{A,e). Moreover, This complex is quasi-isomorphism to M*. 
First, 

ImdrTTr ImBr I^udr 
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This follows from that fcr is surjective and the above lemma. In general, for i < r, 



H^{F') = 



ImdiTTj 



Imdj 



= H^{M*) 



In fact, we can construct a new complex from any place of a complex and two 
complexes are quasi-isomorphic to each other as follows. Given a dimension vector 
sequence d(i) for some i e N, let M* g C^{A,d{i)). Then we obtain a complex 
X' e C^{A, d(i— 1)) for some dimension vector sequence d(i— 1) by the commutative 
diagram 



(2.7) 



X* 



M* 



X 



j-i 



j^d. 



M 



i+l 



-^M, 



i-1 






-^M.. 



i+l 



where di — dimcAfi and Xi_i is the puUback. In this way, we obtain a map 

f, : C\A, dii))^C'' (A, d{i-l)) 

such that fi{M*) is quasi-isomorphic to M* for any M* e C^{A,d{i)). 

Proposition 2.6. The above construction induces a map /d : C''{A,d) — > V''{A,e) 
for some projective dimension sequence e such that there exists a finite stratification 
C''{A,d) = U^Oi such that all Oi are constructible and /d \oi is a morphism of 
varieties. 



The map satisfies the property in Proposition [22] is called the constructible map 
which has been considered in [Xu' or [Pa . 

Now we consider the geometrization of Kernel and cokernel of the homomor- 
phisms of modules. First of all, we consider the kernel and cokernel of a linear 
map. 

Lemma 2.7. For any di,d2 G N. there exist constructible maps 

d<di 

and 

C : HomciC^^C^^) ^ [j Surj{k'^,k'^^) 

d'<d2 

such that for any f G HomciC^^ , C*^), there exists a long exact sequence 



0- 



'C(/) 



.£d2 



c{f) 



where d is the rank of f and d' = d2 + d — di. 

It can be easily proved by making a finite partition of Md2xdi{C)- As an analogy 
of this lemma for homorphisms of modules, we have 

Lemma 2.8. For any two dimension vectors di^d^, let (C-i,a:i) and (C-2,X2) he 
two A-modules. Then there exist constructible maps 

(/Ci,/C2) : HomA{{C^\x^),{C^-,X2)) ^ (J Ed(A) x Homc{C^C^^) 

d\d<d-, 
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and 

(Cl,C2):iJom^((C^^Xl),(C^^X2))^ IJ Erf.(yl) x iJomc(C^^ C^') 

such that for any f E HomA{{^-^ , ^^i), (C-2, X2)), there exists a long exact sequence 

. (Cii,/Ci(/))'^^ (C^Sxi) ^- (C^^X2) ^^ (C'^',C2(/)) -0 . 

Now we come to prove our proposition. 

Proof. Without loss of generality, we assume d = (^i, • ' ' i^r) fo^ some r G N. We 
set d(r) := d. By Lemma [2. 8[ the above construction of 'almost' free resolution 
induces a chain of constructible map: 

C''{A,d{r)) — ^-^C\A,d{r - 1)) -^ ^ C''{A,d{~m)) 

where d(r — 1) = {dl^ , • • • ,d^~ ) satisfies d[~ = d, for i < r — 1 and d^~ = 
dim A*^'' and d^Zi — dim ^'^'' +dj._^ — d^.. By the construction, d(— to) is determined 
by d and dimA. Let /d = /r • • • /-m- Note that the composition of constructible 
maps is constructible. Then we deduce a constructible map from C^{A, d{l)) to 
C^{A,d{—m)) satisfying the image of any complex under /d is a almost free pro- 
jective complex. We complete the proof of Proposition 12. 61 D 

2.6. We have the following results. 

Theorem A For any d e Ko{V''{A)), let (J)a ■ 'P''{A,d) -^ C''{A,d) be the natural 
embeeding. Then there exists a map 0^ : C''{A,d) — >■ V''{A,d) such that for any 
d G dim ~ (d), cp' IcbiA.d) ** o, constructible map and the quotient maps of 4>a and 
4>'a between Q''(^, d) and QV^{A,d) are inverse to each other. 

Proof. By Proposition 12.61 there is a map (j>'^ such that 0^ lc''(A,d)= /d- For any 
X' G C'iA, d), by definition, X' is quasi-isomorphic to 0^0^ (X*). This proves the 
theorem. D 

Let us recall some results on Morita theory of derived categories ( [Ricklj and 
|Rick2] ) . First, a tilting complex T over A is an object in IC^{P) which satisfies the 
following conditions: 

1. For any i ^ 0, Homi,b(^)(T,r[i]) = 0; 

2. The category add(T) generates IC^{P) as a triangulated category. 

For convenience, we shall consider the right A-module temporarily and A-_B-bimodule 
means module for A°f {^j, B in the following part of this section. J. Rickard proved 
the following result. 

Rickard's Theorem For any two finite dimensional basic C-algebras A and B, 
they are derived equivalent if and only if there is a tilting complex T over A such 
that the endomorphism ring End-p6(^-)(r)°P is isomorphic to B. 

Moreover, the method of Rickard implies the further results. If A and B are 
derived equivalent by a functor F, then the functor F induces a derived equivalence 
between V^{A°p (g)c A) and V''{B°p (g)c A). The image of A as A°p (g)c A module 
under this functor is a complex, say A, in V^{B°'p ®c A). The functor F induces 
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also a derived equivalence between 'D^{B°'p ®c B) and T>^{A°p (E)c B). The image 
of B as B°P ®c B module under this functor is a complex, say 8, in 'D^{A°p (g)c B). 
Then 

-^'^A:V''{B) — >V\A) 
is an equivalence of triangulated categories with two quasi-inverses RHoni2>!,(-^-)(X, — ) 
V''{A) — > V^{B) and ~®^Q: V^{A) — > V^{B). 

Theorem B Let F: 'D^{A) — )• T>^{B) he a functor of derived equivalence with the in- 
duced isomorphism Fq : Ko{V''{A)) -^ Ko{V^{B)). Then for any d^ G Kq{V^{A)), 
there exist maps J"i : C^{A,dA) -^ C'' {B , Fo{dA)) and T2 : C\B , Fo{dA)) -^ 
C^jA, dA) such that for any d 4 € diniT {dA) and dp € dimT (-Fo(dA)), -^1 |c''(A,d ) 
and F2 Ic^'fs.d ) '^'"^ constructible maps and the quotient maps of Fi and F2 are 
inverse to each other. 

Proof. We consider A as a B°'p {^^ ^-projective complex: 

(2-8) ... y Aj -^^ Aj+i > ... 

where A^ is B°p 0^ ^-projective module. For any X* e C''(B, d^), let /d^ {X*) is 
the corresponding _B-projective complex with the following form: 



(2.9) _ , p.. ^r , p,+i , 

Here, /d is the constructible map from C''{B,dg) to P''{B,e-^^) for some projective 
dimension sequence e^ . Define the following complex (see |Rick2| ) : 

(2.10) ... , U^+,=nP'^B^J -^^ a+,=„+l^'(8)sA, > ... 

where d„ = df id+{-l)Hd^df^ and Hi-i-j^n ^* 0b ^i ^^ A-projective module. 
We set 62 to be its A-projective dimension sequence. This defines a map /e e : 
V^{B,ei) — > 'P^{A,e2). By the above construction, it is clearly a constructible 
map. In the same way, we can define the constructible map 

g.,.,:V''{A,e2)^V\B,e^) 

by g[P*) = P* ®A ®' which is induced by G = — 0^ 6. The constructible maps 
4>Bge e and /e e /d iuducc the maps Fi and J-2. Because F and G are quasi- 
inverse to each other, 't'Bge^e^fe^e^ifdgiX')) is isomorphic to X' in T>''{B). This 
proves the theorem. D 

3. Constructible functions on topological spaces attached to 

derived categories 

3.1. Degenerations in derived categories. We rewrite the definition of the 
degeneration in |JSZj for our situation. For any X and Y in JC''{'P^{A)) we denote 
by X ^A 5^ if there is a distinguished triangle 

Y ^X0Z ^Z ^Y[l] 

for some Z G IC^{'P{A)). On the topological side, we denote by X ^top Y if 
Y e 0{X) in P''{A,d) where 0{X) is the closure of the orbit ©(X) of X in 
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V''{A, d) under the action of Gd- In order to avoid confusion, we use the foUowing 
different notation: X <*„p Y if and only if F e G^X = OjX) in V''iA,e) for a 
fixed projective dimension sequence e where Oe{X) is the orbit of X in 7'''(A,e) 
under the action of Gg and 0{X) is the closure of 0{X) in V''{A, e). Then Theorem 
1 and Theorem 2 in |JSZj implies the following result. 

Theorem 3.1. For any X and Y in IC''{'P{A)), then X ^^ Y if and only if 
X ^top Y . 

For any projective dimension sequence e' such that e < e', we set Xe' '■= tee'{X). 
Then we have 



OiX)= lim a'(^e'), OiX)^ lim Oe'(^e')- 

d(e')edim-i(d) d(e')£dim-i (d) 

Proposition 3.2. Let X e 'P''{A,e) where e e dim"^(d). Then 0{X) is a locally 
closed subset of 'P''{A,d), i.e., the intersection of a closed subset with an open 
subset. 

Proof. For any e' > e, consider the morphism fee' : 'P''{A,e) -^ 'P''{A,e') sending 
M* to M* ®-P*(e, e') where P'(e, e') is the direct sum of the complexes with only 

two nonzero term formed as P — > P. For any A G C*, we denote by P*(e,e') the 

A f 

complex isomorphic to P*(e, e') obtained by substituting P — > P for any direct 
summand P U P of P*(e,e'). The orbit Oe{X) of X in ^^^,6) is locally closed. 
By definition, Oe{X) = C'e(-'^) Pi ^^e for some open subset Ue in 'P^{A,e). It is 
clear that the set iS(e,e') := {X' ® P'(e, e') | X* e C/g, A G C*} is an open subset 
of P''(A,e'). Set t^' := |JgeG , 5-'5(e,e'). It is an open subset of V^iA.e^). Then 

Oe'l^e') = Oe'C^eOn ^e' ■ Then by definition, ©(X) is equal to 

In^ Oe'(Xe')= lil^ ^e'(Xe')n^S'=^Wn ^-H^ ^S' 

d(e')edim-i(d) d(e')edim-i (d) d(e')edim-i (d) 

By the definition of the fine topology on V''(A, d), lim ,, , , , , „ Ue> is an open 

■^ f aj \ T /I ).d(e')edim-i(d) - -^ 

subset of V''{A, d). We finish the proof. D 

We recall the following property which is proved in |JSZ] : A complex P{x) corre- 
sponding to a; e V^{A,e) is partial tilting complex if Hom^6(^)(P(a;), P(a;)[l]) = 0. 
Then 06.(2^) = {y G 'P''{A,e)\y ~ x} is open in V^{A,e). Furthermore, the orbit 
0{x) in V^{A, d) is also open if the corresponding complex P{x) is a partial tilting 
complex. 

Proposition 3.3. Any point in QV^{A,d) is not closed, that is, any orbit is not 
closed in'P''(A,d). 

Proof. Take any projective A-module P and t € C, we define the complex C{t) — 
{Pi,di)i(zz by Pq = Pi = P and other Pj = for i ^ Q,l\ d^ = t and other 
a, = for i ^ 0. 

If f 7^ 0, then C{t) is contractible but C(0) is not quasi-isomorphic to zero. 
Moreover, C(l) ^top C{0). Similarly, For any x G P*'(A, d), P{x) is the corre- 
sponding complex, P(a;)0C(l) ^top P{x)®C{Q), i.e. the point corresponding to 
P{x) C(0) is in the closure of the point corresponding to P{x) C(l)(it is quasi 
isomorphic to P{x)), but not in its orbit. This shows the orbit of x is not closed. D 
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By this proposition, we can construct an infinite sequence of non-trivial degen- 
erations: 



Pix) ^top P{x) C(0) ^top P{x) C(0) C(0) 



< 



3.2. The naive Euler characteristic. Let X be a algebraic variety over C We 
denote by M{X) the set of all constructible functions on algebraic variety X with 
values in C. The set M{X) is naturally a C-linear space. Let G be an algebraic 
group acting on X. Then we denote by Mg{X) the subspace of M{X) consisting 
of all G-invariant functions. 

Let X denote Euler characteristic in compactly-supported cohomology. Let X be 
an algebraic variety and O a constructible subset as the disjoint union of finitely 
many locally closed subsets Xi iov i — 1,- ■ ■ ,m. Define x(C) = Y^T=i xi^i)- We 
note that it is well-defined. We will use the following properties: 

Proposition 3.4 ( |Di] . |Rie] and [Jol] ). Let X,Y be algebraic varieties over C. 
Then 

(1) If the algebraic variety X is the disjoint union of finitely many constructible 

sets Xi, ■ ■ ■ ,Xr, then 



(x) = ^x(^0- 



X 

(2) li if : X — > F is a morphism with the property that all fibers have the 
same Euler characteristic Xj then xi-^) = X ' xO^)- In particular, if ip 
is a locally trivial fibration in the analytic topology with fibre F, then 

xiX) = x{F)-xiY). 

(3) x(C") = 1 and x(IP") = n + 1 for ah n > 0. 

We recall the definition of pushforward functor from the category of algebraic 
varieties over C to the category of Q- vector spaces. 
Let ip : X ^ Y he a morphism of varieties. For / G M{X) and y E Y, define 

ceQ 

Theorem 3.5 (|Di|. |Jol) ). Let X,Y and Z be algebraic varieties over C, : X — >■ 
Y and ijj : Y ^ Z be morphisms of varieties, and f € M{X). Then 4>*{I) i^ 
constructible, 0, : M{X) — > M{Y) is a Q-linear map and ("0 o (j))^, — (-0)^ o (0), as 
Q-linear maps from M{X) to M{Z). 

In order to deal with orbit spaces, we need to consider geometric quotients. 

Definition 3.6. Let G be an algebraic group acting on a variety X and (p : X -^Y 
be a G-invariant morphism, i.e. a morphism constant on orbits. The pair (Y, 0) 
is called a geometric quotient if is open and for any open subset U of Y , the 
associated comorphism identifies the ring Oy{U) of regular functions on U with 
the ring Ox{<t>^^{U))'^ of G-invariant regular functions on (/)^^(C/). 

The following result due to Rosenlicht [Ro^ is essential to us. 

Lemma 3.7. Let X be a G-variety, then there exists a open and dense G-stable 
subset which has a geometric G-quotient. 
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By this Lemma, we can construct a finite stratification over X. Let Ui be an 

open and dense G-stable subset of X as in Lemma 3.8. Then we have a geometric 

fpUi '■ Ui ^- Yi. Since dmic{X — Ui)< dimcX, we can use the above lemma again, 

there exists a dense open G-stable subset U2 oi X — Ui which has a geometric G- 

quotient (pjj^ : U2 -^ Y2. Inductively, we get a finite stratification X = u\^iUi where 

Ui is a G-invariant locally closed subset and has a geometric quotient (pu^ : Ui —?' Yi 

for i = I,--- ,/ with I < dimcX. Depending on this stratification, we define the 

nai've Euler characteristic of the orbit space of X under the group action of G as 

follows: 

I I 

X"^(X/G) := x'^'^iiX/GKC)) = xiU^i) =Y.^{^uM)) 

i=i 1=1 

where [X/G] is the quotient stack with the set of C-points [X/G](C) and [X/G](C) 
is pseudoisomorphic to Ui=i ^i (^^^ |Jol[ Section 4] for the definition of pseudo- 
morphism). For simplicity, we substitute x for x"^ in the following. Indeed, when 
G = id, then the nai've Euler characteristic is just the Euler characteristic. So 
the overlapping notation should not cause any confusion. It is well-defined by the 
following observation. 

Let [X/G\{C) be the set of C-points. A subset G C [X/G\{C) is constructible if 
G = Uie/ ■^ii'^) where {J-i | i G /} is a finite set of algebraic C— substacks of finite 
type of [X/G] (see [JoD, Definition 4.1]). 

Lemma 3.8. Let X he a G-variety. If [X/G]{C) is the disjoint union of finitely 
many constructible subsets Zi, • • • , Z,., then x(X/G) = J^l^i xi^i). 

Proof. By the above construction, there is a pseudoisomorphism $ between [X/G] (C) 
and Y :— Y[i=i^i- For i — I,--- ,r, ^{Zi) is a constructible subset of Y and 
Y = \_\l^i^{Zi). Then by the definition of the naive Euler characteristic and 
Proposition [Ol we deduce x(X/G) = J2l=i x{Zi)- □ 

Let X and Y be two complex algebraic varieties under the actions of the algebraic 
groups G and iJ, respectively. Let : [X/G] — > \Y/H] be a 1-morphism. Then it 
induces a natural pseudomorphism 0, : [X/G](C) — > \Y/H]{£) [Jo 11 Proposition 
4.6]. In the same way as the proof of Lemma [3.81 we obtain the following result. 

Lemma 3.9. // 0* is surjective and all fibres of 0* have the same naive Euler 
characteristic x, then we have 

X{X/G) = x{Y/H) ■ X- 

We introduce the following notation. Let X be a variety under the action of an 
algebraic group G. Let / be a G-invariant constructible function over X. We define 

f{x):=Y.^{f-\c)/G)c. 

3.3. Let di, d2 be two dimension vector in K^. For any two subsets Oi and O2 of 
V^{A, di) and V^{A, dz) respectively, we define the subset 01*02 oiV\A, di + da) 
to be the set of z € V^{A, di + d2) such that there exists a triangle 

P{y) ^ P(z) ^ P{x) ^ P{xm 

in ^^{A) where x E Oi and y G O2. By the octahedral axiom, we have (Oi * O2) * 
O3 = Oi * (O2 * O3). Inductively, we can define Oi * O2 * • • • * O^ for all s > 1. 
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A subset O of V^iAjd) is called a support-bounded constructible subset if there 
exists a constructible subset Og of V''{A,e) for some d(e) e dim ~ (d) such that 
O = Gd.ie(Ce) where te ■ V'iA^e) -> V''{A, d) is canonical. Let d(e') e dim^^d) 
and e < e'. We set Og' '■— Ge'-iee'(Ce)- Then we have 

0= lii^ Oe'. 

d(e')edim-i(d) 

The following proposition shows the property of support-bounded is invariant 
under derived equivalence. 

Proposition 3.10. If two algebras A and B are derived equivalent, then this 
equivalent functor F induces the map / as in Theorem B sending constructible sets 
of support bounded in 'P''{A) to constructible sets of support bounded in 'P^{B). 

Proof. By Theorem B, the equivalent functor F : D^{A) —> D^{B) induces the 
following commutative diagram: 

V''{A,d) — ^ V\B,d') 



(3.1) 

QV'{A,d) — ^-^ Qr''{B,d') 



where / is a morphism of varieties and / is a homeomorphism of quotient spaces. 
Let O be a support-bounded constructible subset of V''{A,d). Then O = Gd.Oe 
for some projective dimension sequence e by definition. We have f{Oe) is a con- 
structible subset of V^{B,e') for some projective dimension sequence e'. Since F 
is a derived equivalence, f{0) is Gd'-invariant. On the other hand, due to the 
commutativity of the diagram, 

fiO) = rr^'JiTAiO) = TTg^JiTAiO^) = Gd'./(a). 

D 

Definition 3.11. Let d be a dimension vector in Kq {ICo{T>''{A))) and O be a 
support-bounded constructible subset of 'P''{A,d). Then we denote by lo the C- 
value function over V^{A,d) given by taking values 1 on each point in O and 
otherwise. A function / on V''{A,d) is called a Gd-invariant constructible function 
if / can be written as a sum of finite terms X^i'^J-'-C'i where rrii G C and Oi 
is a support-bounded constructible subset of 'P''{A,d). The set of Gd-invariant 
constructible functions over V^{A,d) is denoted by M{V^{A,d)). 

Let e G dim ~ (d) and AI {V'' {A, e)) be the C-space of Ge-invariant constructible 
functions over V''{A,e). For any e' S dim~^(d) and e' > e, there is a natural linear 
map re'e : M{V''{A,e')) -^ M{'P''{A,e)) sending a function / to tee' ° /■ Then we 
obtain an inverse system. 

Proposition 3.12. With the notations in Definition 13. Ill we have 

M{r\A,d))= 1^ AKV^Ae)). 

d(e)edim-i(d) 
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3.4. Convolution. Let d',d"be two dimension vectors in Kq and e',e" be two 
projective dimension vectors satisfying d(e') € diin~^(d'), d(e") Gdim^^(d"). The 
following two lemmas is easy corollaries of 4.1.13 in [GMj . 

L I ii r 1 

Lemma 3.13. If there is a distinguished triangle: X' ^ L' »- Y* ^ -''''[I] 

for X' e V^{A,^'), Y' G V^{A,^), and L' e V^{A,^ +^'), then it induces an 
exact sequence of chain complex: 

^ X' ^ L' ^ Y' ^ 

Lemma 3.14. Let X' e V''{A,e'),Y' e 7'''(yl,e') and the exact sequence: 

^ X^ — ^ U -^^ Y *- 

hold for all i-th terms of X' , Y' and L* respectively, where U are the canonical 
injections and TTi the canonical projections. Define the set {d^} to be the set of 
sequences (9f')i such that L' — {Xi © Yi,dj^)i becomes a complex and induces the 
exact sequence of complexes 

^ X' ^ L' ^ Y' ^ . 

Then we have the canonical isomorphism {d^} = HomQb(y^\{Y*[—l],X'). 

Let d C 'P''iA,e") and O2 C 'P''iA,e') be Ge"- and Ge' -invariant constructible 
set, respectively. Put 

L{0i,02) = {Cone{h) \ h G Honi;cMP(A))((^i[-l],(^2)}. 

For L e P''(A,e' + e"), we set 

We'e" (Ci, 02; L) = {(/, g, h) I Y — ^ L — ^ X — ^ Y[l] is a distinguished triangle , 

with X G C'i,r e O2} 
W^^,{0i,02) = {{L,{f,g,h)) \LeV\A,e' + e"),{f,g,h) e M^e'e"(0i,02; i)} 
and 
Rom,CHV{A)){Oihl],02) = {{Y,X,h) \ X G Oi, Y e 02> e Homjc„(p(^))(X[-l],y)}. 

We introduce the action of Ge" x Ge' on We'e" (Ci , C2) and Hom/c6CP(A)) (Ci [— 1] , C2) 

as follows: 

For {a,c) e Ge" x Ge', 

(a,c)o {L,{f,g,h)) = {L,{fc~\ag,{c[l])ha)), 

{a,c)o{h)^ch{a[-l])-\ 

The action of Ge" x Ge' on We'e"(C'i, ^2) naturally induces the action on 
We'e"{0i,02;L). We consider the naive Euler characteristic of quotient space 
We'e"{0i,02; L)/Ge" X Ge' and have the following result. 

Proposition 3.15. Let Oi,02 be as above. Then the set 

{x{We'e"{0l,02;L)/Ge" X Ge' ) \ L E V' {A, e' + ^')} 
is a finite set. 
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Proof. Consider the quotient stack [VFe'e"(Oi, C'2)/Ge" x Ge'] of P^e'e''(Ci, C2) 
under the action of Ge" x Ge' ■ As in Section 3.2, there exists a pseudoisomorphism $ 
between [We' £"(01, C2)/Ge" x Ge'](C) and some variety Y. The natural projection 
IT : We'e"{0i,02) — > 'P''{A,e' + e") and <i>^^ combines to give a pseudomorphism 
^ : y -^ 'P''{A,e' + e"). It is a morphism of varieties jJoU Section 3.4]. By Theorem 
13.51 7r*(ly) is constructible. By the defintion of pushforward functor, it means that 
the set 

{x{^-\L))\LeV\A,e'+^')} 

is a finite set. Therefore the set {x(W^e'e"(Oi,e'2; i)/Ge" x Ge') | L e V''{A,e' + 
e")} is finite. D 

Definition 3.16. Let d C V''{A,e") and O2 C V''{A,e') be Ge"- and Ge'- 
invariant constructible sets, respectively. The convolution multiplication loi *lc'2 ^ 
M(7"'(A,e' + e")) is defined as follows: 

lOi * lo.(i) = X(W^e'e"(0l,02;i)/Ge" X Ge' ) 

for L e r\A,e' + e"). We set V{0i,02) := [We'e"(C'i,C'2)/Ge" x Ge'] and 

V;,e"(0l,02;i) := [We'e"(0l,02;i)/Ge"XGe'].WriteF^^0^ =X(14'e"(Ol,02;L)) 

Obviously Iq-^ * l^j is again Ge'+e" -invariant. In this way, the proof of Propo- 
sition 13.151 implies 

Corollary 3.17. If / e M{'P''{A,e")) and g £ M(V''{A,e')), then the convolution 
f*ge M{P^{A,e' + e")) is well-defined. 

The above discussion can be extended to V^{A,d). Assume that e' G dim^^(d') 
and e" e dim'^d"). Put O = Gd".ie"(Oi) and O' = Gd'.ie'(C2)- Let e[, > e' 
and eg > e" be in dim^^(d') and dim~^(d"), respectively. Then ie'e' and te"e" 
naturally induces a map ^e'e;, ,e"e;; : We'e"(Ci, C2) -^ W^e^e^'('^ie^''^2e^) where 
Oie' = Ge' .ie'e' (C'l) and 02e" = Ge" .ie"e" (C'2) . Then we obtain a direct system 
and set 

W{0,0') ^lm^We'^e^{0,e^,02ei,)- 
For any L G V''iA,d' + d"), we set ig := CH^) ^ V''{A,e) (perhaps it does not 
exist!). Then we define 

W{0,0'-L) = limWe^ei'(0ie^',02ei;Le^+ei'). 

There are natural actions of Gd" x Gd' on W{0,0';L) and W{0,0'). The or- 
bit spaces are denoted by V{0,0';L) and V{0,0'), respectively. We note that 

V{0, O'; L) = 14'e"(Ol, O2; ie'+e"). 

Definition 3.18. Let Oi and O2 be two support-bounded constructible subsets of 
'P''iA,d") and V''{A,d'), respectively. Then we define 

io^*io.{L)^x{V{Oi,02;L)) 

ioT LeV''{A,d' + d") and set FS^o, ^ x{V{0i,02;L)). 

As Corollarv l3.17[ we have 

Proposition 3.19. If / e M{r''iA,d")) and g G M{r''iA,d')), then /*5 £ 
M{r\A,d' + d")) is well-defined. 
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Let / e M{r''{A,d")) and g e M{V''{A,d')). Then 

{I*g){x)^ jj{x')g{x"):^ J2 x{V{r\c),g-\dy,x)cd. 
•'^ c,dec 

where U — ^(supp (/), supp (g); x). 

Remark 3.20. The definition 13.181 does not supply an associative multiplication 
in general. In [T], the author define an associative multiplication for the derived 
category I?^(A) over a finite field. However, it is not known how to make an analogy 
of this associative multiplication over C. 

4. The Relative homotopy category of to-cycle complexes 

Let A be finite dimensional and finite global dimensional associative algebra 
over C and ?n be a positive even number. We will recall some results in |PX2] 
for the relative homotopy category of m-cycle complexes over A and define their 
geometrization. 

4.1. A TO-cycle complex over A is by definition a complex X* — {Xi, di) satisfying 
Xi = Xj and di — dj for all i,j G Z with i = j(rnod m). If X' and Y* are two 
TTi-cycle complexes, a morphism /' : X* — > Y* is a morphism of complexes such 
that fi — fj for all i,j € Z with i = j(mod m). Hence, all m-cycle complexes 
constitute an abelian subcategory of C{A), denoted by Cm (A). We also denote the 
subcategory of Cm {A) consisting of ?n-cycle complex whose term is projective A- 
module by Vm{A). 

Let f*,g* : X* — > Y* be two morphisms of ?7i-cycle complexes. A relative 
homotopy s* from /* to g* is a homotopy map of complex such that Si = Sj for all 
i,jGlj with i = j{mod m). Under this condition, /* and g* are said to be relatively 
homotopic. Hence, we can form an additive and homotopy category ICmiA). We 
use this notation though it usually is not a subcategory of IC{A). We also denote 
V{A)riCmiA) andlCiriA))fMCm{A) by P„(A) and /Cm(7'{^)). 

We define a functor CF : C''{A) -^ C^iA) as follows. For X' = (Xi.df) £ 
C'iA), set FX' = ((FX*)„af^) where (FX*), = (BX,+tm and af^ = (C,t)«.*« 
such that d:^gf : Xi+gm — >■ Xi+i+tm with d^^^ = for s ^ t and ^^g^ ~ d^ . CF 
induces a functor F : JC^ViA)) -^ /C^(P(AJ)'. 



Theorem 4.1. JCmi'PiA)) is a triangulated category with the shift functor defined 
for complex category and the functor F : K,''{V{A)) — > /C,„(7'(A)) is exact. 

For the natural functors: 

IC''iV{A))^IC\A)^V\A) 

the functors F induce the following commutative diagram 

IC''iViA)) ^ k:\a) ^ V'^iA) 



IC,niV{A)) ^ JCm{A) ^ Vm{A) 

where !?,„ (A) is the m-periodic derived category of mod A. It is known that /Cm iV{A)) 
is a triangulated full subcategory of ICm{A)). Therefore we can regard K.mi'PiA)) 
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as a triangulated full subcategory of Vm {A) . We consider the triangulated full sub- 
category TZm{A) of I?m(A) (also of K-mCPiA))) generated by the full subcategory 
F{K.''{V{A)) (also by 1C''{A)). In general, the functor F is not dense. If A is 
hereditary, then TZm{A) = ICm{A). When m = 2 we call Tl2{A) the root category of 
mod A. By the way, the Galois group associated with F is the cyclic group generated 
by T™. 

4.2. A complex C* of A-modules is called period-2 (or 2-periodic) complex if it 
satisfies C* [2] = C . We can simply write the sequence of dimension vector of C" 
as d(C") = {d{C'^),d{C^)). For a sequence of dimension vectors d — (rfo,di) , we 
define C2{A,d) to be the subset of 

Ed^iQ,R) X Ea^{Q,R) x Uomc{Vi>,V^^) x Homc(l^^i, F^o) 

which consists of elements x — {x^,x^ ,do,di), where x^ e Ej^.{Q,R) and AI{x^) 
are the corresponding A-modules on the space V-^ for i = 0, 1 respectively; and 
do e Home ( 1^-0, F-i) is a A-module homomorphism from M{x^) to M{x^),di G 
Homc(y-i, 1^-") is a A-module homomorphism from Af(x^) to M(x") with the 
property i9ii9o = and (9o9i = 0. As in [LP) , a 2-periodic complex C can be 
written as 



with 9o5i = 5i9o = 0. 

The group Gd{Q) = GLd (Q) x GLd [Q) acts on C2(A,d) via the conjugation 
action 

{gi)i{xi,di)i = iixi)^%gi-idig~^)i 
where the action (xi)^^ was defined as in Section 1.1. For x E C2{A, d), we denote its 
corresponding complex by M'{x). Therefore the orbits under the action correspond 
bijectively to the isomorphism classes of complexes of period-2 v4-modules. 

Giving the complete set Pi , P2 , ■ ■ • ,Pi of indecomposable projective A-modules 
as in Section 1. Let P' = [P'^ , P^ , do , di) be a period-2 complex where P° = 
®\=ie°jPj andpi ^ ®\^^e]Pj. Let e(P*) = (e*) for i = 0, 1. Thene = (e(P°), e(pi)) 
is the projective dimension sequence of P* . Write d(e) ~ ( dim P°, dim P^). We de- 
fine V2{A, e) to be the subset of C2(A, d(e)) consisting of elements x — (a;°, x^, do, di), 
where (C^- , x') = P' for i = 0, 1. 

The algebraic group Gd(e){Q,R) acts on P2(^,e) by 

{gi)i{di)i = {g^-ld^g:r^)^. 
For X e 'P2{A,e), we denote the corresponding complex in V2{A) by P'{x). 

4.3. A complex X' ~ {Xi,di)i G P2(^) is called contractible if the induced ho- 
mological groups Hi{X') ~ ker9i+i/Im9i — for all i = 0, 1. It is easy to see that 
any contractible projective complex is isomorphic to a direct sum of shifted copies 
of complexes of the form 

(4-1) ... -i-^ P -i^ P -^ P -iU P — ^ ... 

with P a projective A-module and / an automorphism. We call an element x G 
p2(^, e) contractible if the corresponding projective complex is contractible. As in 
Section 2.3, we can prove the 2-periodic versions for Lemma |2.2| Lemma 12.31 and 
Lemma 12.41 Any complex in P2 {A) is isomorphic to the direct sum of minimal 
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period-2 projective complex and a contractible projective complex. Hence, we can 
define a direct system { (7^2 (^, e) , tee' ) | e,e' e dim^^(d),e < e'} for any d & Kq 
where Kq is the Grothendieck group of the category IC2{'P{A)). We note that all 
triangulated categories IC2{A), IC2{'P{A)), X>2(^), iC'iViA)) and V''{A) have the 
same Grothendieck groups. Then we define 

r2{A,d):= lin^ V2{A,e) and Gd = In^ Gd(e). 
eedim~\d) eedim~\d) 

We also have the quotient space 

QV2iAd)=V2iA,d)/^, 

where x ~ ?/ in V2{A,d) if and only if the corresponding projective complexes 
P*{x) and P*{y) are quasi-isomorphic, i.e., they are isomorphic in IC2(V{A)). We 
denote by Q'P2{A,e) and QiV2{A,d) the orbit spaces of V2{A,e) and V2{A,d) 
under the actions of Gd(e) and Gd, respectively. As Proposition 12.11 we have the 
follow analogy. 

Proposition 4.2. With the above notations, we have 

QV2{A,d) ^ QiV2{A,di) = lii^i QV2{A,e). 

d(e)edim-i(d) 

4.4. We can define the 2-periodic versions of all notations in Section 3.4 by substi- 
tuting 'P2{A,e) and 7^2 (^,d) for 7'^(A,e) and V^{A,d), respectively. For d e i^o 
and e G dim^^(d), let O C V2{A,e) be a Ge- invariant constructiblc subset. Then 
Gd.O be a support-bounded constructiblc subset. We denote by Iq the C-value 
function over V^{A, d) given by taking values 1 on each point in O and otherwise. 
A function / on 7^2 (^,d) is called a Gd-invariant constructible function if / can 
be written as a sum of finite terms ^^ rriilQ. where rrii £ C and Oi is a support- 
bounded constructible subset of 7^2(^, d). We denote by Af(7^2(^, d)) the set of 
Gd-invariant constructible functions. 

Definition 4.3. Let Oi and O2 be two support-bounded constructible subsets of 
V2{A,d") and 7^2 (^,d'), respectively. Then we define 

io,*ioAL)^x{V{Ou02;L)) 

and set i^o^^o^ = x{V{0i,02]L)) for L e V2iA,d' + d") where ViOi,02;L) is a 
2-periodic analogue of V{Oi, O2; L) defined in Section 3.4. 

As Corollarv l3.17[ we have 

Proposition 4.4. If / e M{'P2{A,d")) and g £ M{'P2{A,d')), then f *g E 
M{V2iA, d' + d")) is well-defined. 

Let / e M{V2iA,d")) and g e M{V2iA,d')). Then 

if*g){x)^ f_f{x')g{x"):= Y. x{V{r\c),g-\d);x)cd. 
•'^ cdec 

where U — V^(supp (/), supp (5); x). 
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5. Realization of Lie algebras 

Letdi,d2anddbcinii:oande'i e 'P2(A,di), ©2 e 'P2(A,d2) and O e ■P2(A,d) 
be support-bounded constructible sets. Then Oi = Gdi-Oe",C2 = Gda-Ce' and 
O = Gd-Oe for projective dimension sequences e",e' and e. 

A constructible set O is called indecomposable if all points in O correspond to 
indecomposable objects in JC2(V{A)). 

5.1. Let £ = £(01,02) 

= {Le /C2('P(A)) I there exists triangle F ^ L^ X ^ Y[l] withX e Oi,r G O2} 

Then £ is a support-bounded constructible set in 7^2(^1 d) and £ = Gd.£e'+e" for 
some constructible subset £e'+e" in 7^2(^,6' + e"). We will consider the following 
quotient stacks. 



(a) Let T4^(Oe",Oe',£e'+e") := [Jiec , „ W^(Ce",Oe',i). The action of G, 



X 



+ e 



Ge' on VF(Oe",Oe',£e'-i-e") IS defined as in Section 3.4. For {a,c) e Ge" x Ge', 
iL,{f,g,h)) € VK(Oe",Oe';£e'+e"), define 

(a, c) o (L, (/,.9, /^)) = (i, {fc-\ag, {c[l])ha-')). 

The quotient stack is F(Oe", Oe';£e"+e') := [T4^(Oe", OeS £e"+e')/Ge" X Ge']. We 

denote by (i, {f,g,h)^) the geometric point in y(Oe", Oe';£e"+e') corresponding 
to (I/, (/, g, h)). Moreover, up to l-isomorphism, the quotient stack is independent of 
the choice e" and e' as in Section 3.4. Hence, we also denote it by F(Oi, O2; £) '■— 
l/(0ie",02e';£e"+e') and sct FS^o, = x(V^(Oi , O2 ; £)). 
(b) Let M e 7^2 (e" + e' + e) and 

^fe''Xoo^ •= U ^(^s" ' 0e' ; L) X W{L, Oe; M). 



Consider the action of Gg" x Gg'+e" x Ge' x Ge. For (a, 6, c, d) e Ge" x Ge'+e" x 
Ge' X Ge and (i, (/, 5, /i), (/, m, n)) e VF(.|^ ^^^^^ ^(^ , define 

(a, 6, c, d)o[L, {f,g, h),{l,m,n)) ~ {L' , {bfc^^, agb^^ , c[l]ha^^), {Id^^, bm, d[l]nb^^)). 

The quotient stack is denoted by {W,^ ^^ ^^ )^. We denote by 

(L, (/, g, h), (I, m, n))^ = {(6(i), (6/c"\ ag6"\ c[l]/ta"i), {ld-\bm, d[l]nb-^)) \ 

(a, 6, C, d) G Ge" X Ge'+e" X Ge' X Ge} 

the geometric point corresponding to (L, (f, g,h), (l,m,n)). The quotient stack is 
also independent of the choices of e",e' and e. Depending on the discussion in 
Section 3.4, we can denote it by (W^'i.^^^o)'' and set xfo^o,)o = x{{W^'b%,)o)'')- 
Dually, let 

^(?J(o;Oe) •= U ^(^a' ^s' ; L') X VK(Oe" , L'; M). 

^'e£'e+5=' 

There is also an action of Ge" x Ge'+e" x Ge' x Ge as above. For {a,b',c,d) G 
Ge" X Ge'+e" X Gg' X Ge and (L', {f',g',h'), {l',m',n')) e W'^i^^^^g'j'^^), define 

(a,6',c,d)o(L',(/',5',/i'),a,"^,")) 
= (i", {b'l'd-\cm'b'-\ {d[l])n'c-^), {f'b'-\ag', ib'[l])h'a-^)). 
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The quotient stack is denoted by {W^ ,,to~,o l)^' ^^ denote by 

{L\{f\g',h'),{l\m'M)r 

the geometric point corresponding to (L', {.f',g\ h'), (/', m', n')). The quotient stack 
is also independent of the choices of e", e' and e. Depending on the discussion in Sec- 
tion 3.4, we can denote it by (^^^,,(0^0^))'' and set Xq^o^o) = ^^^^OMoio^))'^)- 
(c) The group Gg acts on M^(£e"+e', Ce; Af) as fohows. For any d E Ge, 

do [l^m^n) — {Idr ,?Tt, (i[l]n) 

The quotient stack is denoted by Vt^(£e"+e', Ce; Af)*. It is independent of the 
choice of e. Then we can also write W {Ce"+e; ,0] M)* . We denote by {l,m,n)* ~ 
{ld~^,m,d[l]n) \ d G Ge} the geometric point corresponding to (l^ra^n). 

5.2. Let Kf) be the Grothendieck group of K,2{'P{A)). Write f) ~ Xq <8)z C, which 
is spanned by {h^ \ d € Kq] subject to the relation: /id = /idi + ^d2 if d = di + d2 
in K{). For O C V2{A,d), we write ho :~ h^. The symmetric Euler bilinear form 
on \) is given as 

(/idj^da) = dimcHom(X,y) -dimcHom(X,y[l]) 

+dimcHom(y,X) - dimcHom(y,X[l]) 

for any X EV2{A,di),Y E V2{A,d2). It is well-defined. 

Let M{V2{A^ d)) is the space of Gd-invariant constructible functions over V2{A, d). 
A function / G M{'P2{A,d)) is called indecomposable if any point in supp{f) is 
indecomposable in JC2{'P{A)). Let larid) be the C-space of all indecomposable 
Gd-invariant functions in M{V2{A,d)). We set 

n= 0/GT(d) 

deKo 

and 

= f) e n. 
We define the Lie bracket operation on g = f) ® n by the following formulae: 



[loi, I02] = [loi, lojn + x{Oi n 02[l])hd, 
where O^fTO^] = (Oe" n Oe'[l])/Ge" and [io,,ioML) := F^^o, - F^.o^^ 

[/idi, lOa] := e^di I /ld2)l02J [IO21 'idj = -(^di | /id2)lo2i 

[/idi,/id2] := 0. 
For / e lQT{di) and g G /GT(d2), we can write the formulae in the following 
integral form: 

[/,5]n(x)^/ f{x')g{x")-j 9{x')f{x") 

Jy(supp (/),supp (g)-x) Jy(supp (3),SUpp (f)-x) 



[/,M= / .f(a;)(/idi|/id)l/-i(/(x))- 

Jsupp(/) 

We will prove the following two of the main theorems in this paper. 

Theorem C Under the Lie bracket [— ,— ] defined as above, q ~ I) Q) n is a Lie 
algebra over C. 
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Theorem D There exists a symmetric bilinear form (— | — ) defined on g satisfying 
that 

(a) (— I — ) is invariant in the following sense: 

(i) ([/id,ioJ|io.) = (/»d|[ioi,io.]); 
(ii) ([io„ioJ|io3) = (ioJ[io„io3])- 

(b) (— I — ) 1 1, is defined as above. 

(c) (() I n) = 0. 

(d) for any Oi , O2 indecomposable 



(loi |ioJ = x(Oin02[i]). 

(e) (— | — )|nxn is non-degenerated. 

5.3. In this subsection, we compare the naive Euler characteristics of quotient 
stacks induced by that defined in Section 5.1. We use the notations in Section 5.1. 
For fixed L G Ce"+e', we set 

{Lj :— {E e Ce"+e' I -^"0102 ~ ^Oi02^-^020i — ^OiOi ^^'^ X{0i02)0 — X(Oi02)o}- 

In the same way as the proof of Proposition I3.15[ we know (L) is a constructible 
subset of £e"+e' and there exists a finite subset R{e" + e') of £e"+e' such that 

/:e"+e' = U {L). 

LeR{e"+e') 

Then by Lemma [5^ and \WM we obtain the following result. 
Lemma 5.1. With the above notations, we have 

X(0i02)0 = Z^ X(0i02)0 'X{{L)/Ge"+e')- 

LeB.{e"+e') 

Dually, for fixed L' G Ce+e' , we set 

{L )* := {E G Ce+e' I F02O = ^020^^002 ^ ^002 ^'^^ X0i{020) ^ X0i(020)}- 

Then there exists a finite subset i?*(e + e') of >Cg , g, such that 

4+^' = U (^')*- 

LeR(e+e!) 

Lemma 5.2. With the above notations, we have 

X0i(020) ^ Z_^ X(0i02)0 ' XiW*/Ge+e')■ 

L'eR'{e+e') 

Proposition 5.3. IiOi,02 are indecomposable, then 

CM _ MC' 

X(Oi02)o — Xoi(020)- 
Our proof follows jPXS] and some improvements in jHu] . 

Proof. First we construct a map: 

P^(Ole", 02e';/:e"+e')xW^('Ce"+e', Oe; M) ^ W {Oi^. , C'e+e'', M)xW {02e' .Oe, 4+e') 

sending ((/, g, h), {I, m, n)) to ((/', g', h'), [V , m' , n')) via the following commutative 
diagram: 
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(5.1) 



L'- 



Y ■ 



/' 



M '■■■^X --^L' 



-^ L- 



-^X 



Y 



1] 

m'[l] 
1] 



where L' is the direct summand of C one {(m, f )[—!]) such that the complement 
is a contractible complex and L' E ^'e+e' ^^'^ ^^ denote the natural embedding 
i: L' ^ Cone((m,/)[-l]). Hence /' = (b,l,0)^oi and m' = (O,0,l)'^oi, where 
(0, 1, 0)"'" and (0, 0, 1)-'" are the natural projections: 

Cone((m, /)[-!]) -^ M ®Y -^ M and Cone{{m J )[-!]) -^ M®Y ^Y. 

Using the property of cone in the triangulated category, g' ,h' ,1' , n' can be expressed 
by the composition of /, g, /i, I, m, n and some quasi-isomorphisms, by Lemma 2.1, 
2.2 and 2.3, we deduce that these expressions are algebraic. Hence, r is a morphism 
of varieties. 

Moreover, we claim that t is invariant under group action. For (a, b, c, d) G Ge" x 
Ge' X Ge, considering the pair {{f,g, h), (l,m,n)) = (a, 6, c, d) o {{f,g, h), (l, 171,71)). 



Y 



\^* 



L- 



X 



Y 



Z- 



-^L* 



-^ X* 



Y*[l] 



-^ M- 



-^M- 



-^ L- 



^L* 



-Z[l] 

d[i] 
Z*[l] 



Using the similar construction as diagram (|5.1I) , we again find some L" E ^--e+e' 
andapair {(/' ,g' ,h'),{t ,m' ,n')) E W{X*,L";M) x W{Y* , Z*;L") satisfying: 

T{(j,g,Ti)Xh'f^,n)) = {{J ,g',h),{l ,7n',n')) 

Following the construction of L', there exists b' such that the following diagram of 
exact triangles commutes: 



(f'-rn'Y (mf) 

L' ^ M®Y ^ L ■ 



h'g 



^L' 



(^) 



L" ^ M®Y* 



{Tnf) 



-^L* 



h g 



1] 
b'[l] 



-L"[l] 



It follows that b' is an isomorphism, and b' E Ge 



DERIVED CATEGORIES AND LIE ALGEBRAS 



27 



Similarly there exist a! and c' giving the following commutative diagram of exact 
triangles: 




^L' 



1] 
b'[i] 



-i"[l] 




^Y ■ 



-^Z 



1] 

d'[i] 



^L'^:^^Y*—^Z*[l] 



This shows (if ,g',h),(i ,m',n')) ^ {a' ,b' ,c,d')o{{f',g' ,h'),il',m' ,n')) andsothe 
two pairs of exact triangles lie in the same orbit. Hence, The morphism t induces 
the following 1-morphism: 

{W{0uC';M)xW{02,0 ;£'))'' 



Then we have a pseudomorphism 



(W{0i,02;C) X W{C,0-M))^{C) 



{r'l. 



{W{Oi,C';M) X VK(02,0;>C'))^ (C). 



Depending on the symmetry of the construction of L' , we can construct the inverse 
of (r^)*. Therefore, (r^), is a pseudoisomorphism. The proof is completed. D 

We introduce some notations. Let 

,M 



£e"+e'J 



U W^(Oe" , Oe' ; L) X W{L, Oe; M) 

and let c{L) = ((/, g, h){l, m, n)) denotes the triangles as follows: 

(5.2) Y ^L^X \y[1], z\m^L^Z[1]. 

We define 
^(oJ-XoOe^l) ^ ^<^^ ^ ^(olloloo^ I i ^ M ® Z[l] for any Z e OJ, 



,M 



r„„,„,M 



W'(cC'X)o^(2) = {c{L) e VK(o^^;,+|'^,)o^ I L ^ M ffi Z[l], L ^ X ® r and X ^ r}, 

^(o;Xooe(^) = •f'^(^) ^ ^(olXooe I ^ = ^ ® ^[1]' ^ ?^ X e r and X ^ r}, 

and 

^to^,!o!r)0^^) = {c(i) e VK(^-J,,+|'^^j0^ \L^M® Z[l],L '^X®Y andX^Y}. 
It is clear that 



W, 









The above partition induces the partitions of (VF£^ 



02)0'' • 



Hence, 



z;m _ Y^ CM (■ 

X{0i02)0 — Z^ A(0i02)0^* 



i=l 



where xfo.O2)o(0 = x((W^(Ko2)o)^(*))- 
Define 



^(ofo2)o- U ViO^,02;L)xVi{L),0■,M) 

LeRie"+e') 



28 JIE XIAO, FAN XU AND GUANGLIAN ZHANG 

Put (i)o = {-B e (i) I -B = M ® Z[l] for some Z e Oe} and {L)i ^ {L)\{L)o. 
Hence, 

where V(^fo,)o(z) = ULefi(e"+e') V{0^,02;L) x T/((i)„0;Af) for i = 0,1. 
Lemma 5.4. For /ised M and L G £e"+e', we have 

X{V{0^,02;L) X y(0, (L)i; Af)) = xiSo'^)o- 
Proof. Consider the Ge"+e'-actfon 

W{0^,{L),;My^V{0,{L)uM) 

For any {I, m, n)* , the stable subgroup denoted by B{n) is isomorphic to the afhne 
space Hom(Z[l], M)n. Then we have a 1-morphism 

It induces the pseudomorphism 

P* ■■ (W^(§X)oJ^(C) ^ ViO, (L)i; Af)(C). 

For any {l,m,n)^ G ^(0, (L)i; Af), the fibre p~^{l,m,n) is pseudomorphic to 
[1^(016", C2e';-E)/i3(7^)](C) where E occurs in the triangle {l,m,n) as diagram 
(|5.2p . Under the action of B(n), the stable subgroup for any (/,(7, /i) G ^(C'le", 02e'; (i)i) 
is 

{6 G B{n) I /a' = 6/ for some a' G EndF} 

which is the subspace of Hom(Z[l], L)n. By Proposition 13. 4[ Lemma [3.91 and I 
according to the fact Fq q = Fq q for any E G {L) i , we have 

(L)iAf 



x(T/(0i,02;L) X V{0, {L)^-M)) = x[o;^o:)o- 



D 



The Lemma naturally induces the following Proposition. 
Proposition 5.5. For fixed Af, we have 

X(OiC'2)o(-'-) = ^(Oi02)o(-'-)- 
The following Lemma is a natural corollary of Proposition [ 

Lemma 5.6. Let X,Y ^ 'P2{A) he two indecomposable objects, then 
x(Homp^(^)(X,y)) = 1 and x(Autp^(^)X) = 0. 

Proposition 5.7. Let Oi,02,C be indecomposable as above. 

(I) If L = M e Z[l] for some Z G O and L ^ d ® Oa, then F^^^^^ = and 

^(0102)0'^ ~ ^0(0i02)^ '■ 

(II) If X G Oi,r G O2 such that X ^ r, then x^®y^'y[i] = Xx[i](XY) = 

1' X{xY)x[i\ - 1 = Xy[i\{xy) - 1 = dmicHom(r,X). 
(Ill) If X is indecomposable, then X^^x[i] = Xxf]{xx)- Hence, xfo{o2)oi^) = 

Xo(Oi02)^ >■ 
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Proof. Let Le M®0[1]. Then L ^ M0 Z[l] for some Z £ O. Define 

(/> : V^(Oi, 02; M ® Z[l]) -> ((T4^(Oi, O2; M ® Z[l]) x Ty(M ® Z[l], Z; M))^ 

mapping (/, g, h)^ to {{f,g,h), (0, (1,0)*, (0, 1)))'^. It is a surjective morphism. The 
group action W{M ® Z[l], Z; A/)* ^ V{M ® ^[1], ^; M) has the stable subgroup 
B{n). It is independent of n since V{M ® -^[1], ^; M) has only one element. We 
denote it by B. It is given as follows. 

B = {b=( ^ I ]^ End(M e Z[l]) I 6i e Hom(Z[l], M), 62 e AutZ[l]} 

Then Stah.{f, g, ft)^ = {6 G B | /c = 6/ for some c e AutF}. 
For the case L ^ d 02, then 

1 - Stab.{{f,g,h)'') = {b' ^ ( l^f l^f j \ b[ G Hom(Z[l], M), 6^ G radEndZ[l] 

such that fc = b' f for some c G Endy} 

(see Section 7.3 of |PX3]). It is an affine space. 

For any x G {{W{0i,02; M ® Z[l]) x W{M®Z[l], Z; M))^, by Lemma[3l]and 
Lemma 15.41 



X{cb-\x)) = x{B) = x(Hom(Z[l],M)) • x(AutZ[l]) = 

and clearly -Fj^/^^m ^ = 1. Therefore 

FaX^'^^x{V{OuO2;M®Z[l])) = 0. 
The maps (j) and f induce a homeomorphism: 

((14^(01, O2; M ® Z[l]) X W{Z, M ® Z[l]; M))^ 

^ {{W{0u02;M®Z[l]) xW{M®Z[llZ;M))'' 

Hence, X(a q )z — Xzio o ) '^^^ statement (I) is proved. The statement (III) 
can be proved by the similar discussion. 

For the case L G 01002, then L ^ X ® Y for some X G Oi,y G O2 and 



X ^ y. Every orbit in y(X,y,X®y) is of the formas (I ' 1 , (1, 6I2), O)'' such 

that 61,62 --Y ^ X,ei + 02 = 0. So ViX, Y;X (BY) 9^ Hom(y, X). This induces 
the maps: 

Hom(y, X) -^ {W{X, Y;X®Y)x W{X ® y, y [1]; X))^ 

and 

Hom(y, X) -^ {WiX, Y;X®Y)x W{X ® Y,X[1] ; y))^ 
The set (W{X,Y;X ® Y) x W{X ® y,y[l];X))^ has unique element, implying 
XixYWm ~ ^' ^^^ natural action of group AutX on Hom(y, X) is free except on 
the point 0. It induces a homeomorphism: 

{W{X, Y;X®Y)x W{X ® Y, X[l]; y))^ \ {0} ^ (Hom(y, X) \ {0})/AutX 

So xfxY)x[i\ = l + x(Hom(y,X)\{0}/AutX). As we know( see [Riij), AutX is the 
direct product of C* and the subgroup 1 + radEndX which is contractible. Hence, 

x(Hom(y,X) \ {0}/AutX) = x(Hom(y,X) \ {0}/C*) = ;^(CP'i'-'^H°-(^^^)) 
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= dinicHom(y,X). 
The statement (II) is proved. D 

Lemma 5.8. If L is decomposable or 0, then F^ ^^ — Fq q =Q. 

Proof. If L is 0, it is trivial. If L is decomposable, we assume L = M ® Z[l] with 
Z indecomposable and M ^ 0. li L '^ X ®Y ior any X £ Oi,Y e O2, then by 
Proposition 5.5, F^ q = Fq q = 0. Using this fact, we have: 

Fb.o. - Fh.o, = {FMzm^ - F^[f^l^\loAM)loAZ[l]) lo.(^[l])lo.(A/)) 
So we can assume that both M,Z[l] are indecomposable and M ^ Z[l]. By 
the proof of II of Proposition EJl Fjf/|[f/^' = x(Hom(Z[l], M)) = 1, i^jfi®/^'^' = 
x(Hom(M,Z[l])) = l. D 

Corollary 5.9. For fixed M, we have 

X(^(ofo.)o(0)) - x(^(Sfo.)o(0)) = 0. 
and 

xivSli.ojO)) - xivSlko^^m = 0. 

We note that we can translate the discussion in this section for Wq'tq q-, and 
Vq9q q-.. the discussion is completely dual. 

5.4. Now, we come to prove Theorem C and D. 

Proof of Theorem C: It is suffices to verify the Jacobi identity: 

A = [[lOi, lOa]' lo] ^ [[lOi, lo], I02] ~ [[lOi I02]' lOi] ^ 

A' = [[ho.^dio] - [[ho^^ol ioj - [[io, io2],/iOi] = 

A" = [[/iOi,/ic)2]:io] - [[hoiAo\,ho2] - [[ic^Osl'^^Oi] =0 
We wiU follow tightly [PX3] and [E]. First, A (also A' and A") is a Gdi+ds+d- 
invariant constructible function by discussion in Section 3.4. Moreover, according 
to the definition of Lie bracket operation in Section 5.2 and the discussion in Section 
5.3, we know 

(ioi * ioj * io(Af) = Y. ^o^o. ■ Ftl)o, 

L6iJ(e"+e') 

for M e V2iA, di + da + d) and 

[[ioi,ioJ,io] = [[ioi,ioJ„,io]„-x(Oin02[i])(/idi I /id)io-(F^w^-F<^Wj/id 

where 

LeRie"+e') 

and 

<o.= E xmnO[l])FS,a.. 

LeR(e"+e') 

Let us write 



M I A M I A M A Af A M A M 



A*' _L AJ« _L A™ AAl A^^ A 

Cm ■— ^OxOiO + ^02001 + ^00102 ^ ^02010 ~ ^00201 ~ ^ 



O1OO2' 
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where 
Define 



bM ■■= ixiOi n 02[mho, I ho)lo - x{Oi n 0[mho, I ho,)lo. 



-x{Or^02[l]){ho\ho,)lo^){M). 
Set 7oi02 = ^Oi02 - -^020i' ^*5 define 

0[1] , C>2[11. C>i[l], 

AM :- loi02"-c> - loiO '^Oi - I002 "Oi 
hence, 

A(A/) = Cm - bM - aM 
(1) CM = c\j + c\j and c]j,^ = 

By Proposition 5.3 and l5.7[ we have 

A^^,020 = x(^(Sfo2)o(0))) - X(^o%20)(0))) + E(Xo%20)(*) " xfok)o(O)- 

Set 
d/ = (x(V(^fo2)o(0)) - X(^^(^fooo(0))) - (X(^o'ffo20)(0)) - X«foo2)(0))) 
+ (x(V(Sfo)o.(0)) - x(^(So2)o.(0))) - (X«foo.)(0)) - x(V'(^'2lo.o)(0))) 
+(x(V(f,*^,)O2)(0)) -X(nofo)02(0)))) - (x(V^o1o.O2)(0)) -X(no(020.)(0))) 

4 

^Af = 2^{~X(C)'i02)o(*) + X0i(02C')(*) ~ X(020)0i(*) + Xc)2(CiC'i)(*) ~ X(C)'oi)02(*) 
i=2 

+Xc>(c'i02)(*) + X(020i)o(*) ~ Xc)2(OiO)(*) + X(ci02)C'i(*) ~ Xc)(020i)(*) 

+X(c)iO)c)2(*) ^ Xoi(C)02)(*)}- 
Then CAf = c\j +c\j. 

By Corollary 15.91 c\,j — and for c\j, we first remark the following fact (see 
Proposition 15. 71) : 

4 

2^X(c>,C)j)C)fc(^) ^ XOfc(C'iC>j)(*) = X(c);Oj)C)fc(3) - XOfc(GiOj)(3) 

t=2 

= I dinicHom(Af,Z[l])lo^(A/)- / dinicHom(Z[l], Af)lc).(Af) 



for any Z E Ok- We use this fact to substitute the terms in c^j, then 

clr = &A 



lzeOi[i]nOk JzeOj[i\nOk 

'-Mi 
-M = "M- 

(2) aM = 

We claim that for indecomposable constructible sets Oi , Oj and Ok , 

Without loss of generality, we assume that Os is an indecomposable constructible 
subset of 7'2(^, e^) for s = i,j, k. Let Xi, Xj and Xk be any objects in them, respec- 
tively and the corresponding orbits are denoted by Oxi for I = i,j,k. Considering 
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group action (c) in Section 5.1, we find as the orbit spaces of V{Xi,Xj;Xk[l]) and 
V{X,[l],Xk[l];X,) 



y(Xi,X,-;Xfc[l]) = V{X,[l],Xk[l];X,) 

and the corresponding fibres are: 

{{bf,gb-\h)'' I fee Ge} and {{ag,ha-\j[l])'' \ a E Ge-} 

Depending on indecomposable property of Xi,Xj and X^,, AutX; and AutX^ can 
be decomposed as direct products of C* and contractible subgroups, hence, we 
can regard a, fe G C* in the above fibres so that two fibres have the same Euler 
characteristic. This shows Fq''q — F^'^ q . Hence, by Lemma [3.91 we know 

^ Ox, Ox J ~ ^OxjOx^- 

Let (X„X„Xfe) = {{E,,E,,Ek) £ O, x O, x Ok \ F^^i^^ = ^Oxi^}- Then 
{Xi,Xj,Xk) = {Xj,Xk,Xi). 
Consider the projection 

W{0^,0j;0k)^0^x0j xOk. 
It induces the map: 

ViO,,OfOk)-^0,xOjxOk 

where Oi x Oj x Ok is the quotient space of Oi x Oj x Ok under the action of 
Ge X Ge . X Ge . lu the same way as the proof of Proposition 13.151 using Lemma 
I3.9( we can prove that there exists a finite subset i? of Oi x Oj x Ok such that 

O, X O, xOk= [j JX~X~X^ 

and 

Fo:S = E xm^X^Xk)) ■ F^^Jl^ . 

(X,,Xj,Xk)^R 
and 

^o]ok = E xi{Xj,Xk,Xi)) ■ ^o^Jo^.^ • 

This imphes our claim. 

If ho-^ + ho^ + ho^ 7^ 0, then any term in cm vanishes. So we assume ho-^ + 
ho2 + ^03 — 0> in this case, am — follows our claim. Now consider A', 

A' = [[/iOi,loJ,lo] - [[hoiAo]Ao2\ - [[lo,lo2]>^Oi] 

= (^Oi I ho2 + /io)[lo2, lo] + (/loi I ho^ + ho)[lo, I02] = 
Finally according to the definition of the Lie bracket, it is easy to prove A" — 0. 
Thus we complete the proof of Theorem C. D 

Proof of Theorem D: We claim (, ) |nxn is non degenerated. For any dimension 
vector d and / G /GT(d), without loss of generality, we may assume Oi{^Oj = for 
i y^ j. li f y^ 0, then there exists rrii ^ 0. We take any L G Oi and let Olii] be the 
orbit of L[l], then (/ | Iolii]) = '^j 7^ 0- ^o it remains to prove that the bilinear 
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form defined by (6) , (c) and (d) is symmetric and satisfies the condition (a) . For 

w, 

{[hd, ioj I ioj - {hd I /ioJ(ioi I ioj = (/id I hoMOi n OaW) 
and 



{hd I [loi, loj) = (/id I ho,no,li])xiOi n 02[1]) = {hd \ ho,)x{Oi n Oail]) 
For {a), we only need to prove the following identity: 

([lOi, lOaln I IO3) = (lOi I [1027 lOaln) 

We have known the Lie bracket of constructible functions is still a constructible 
fmiction. Hence, we can set [loi, lc>2]n = X^^^jlCi and [1021 logjn = S^j-'-'Di- ^'o'" 
any L £ Ci and Af G Pj, 

"^« = ^Oi02 ~ ^020i a.nd nj = -^"0203 ~ ^0302- 
Therefore, 

([io., io2]n 1 103) ^Y.^.x{c.no^[i]) = F^-^^^l - F^;W 
(io, I [io2, io3]n) = 5]n,x(i?,nOi[i]) = f^^^™ - f^;W 

Using our claim (|5.3p in the proof of Theorem C, we obtain the identity. D 

5.5. Let Kq be the Grothendieck group of I?^(A) and [)z = Ko- For d G Kq, let 
Mgj,(d) and /^^.(d) be the set of all / G Af (7'2(^, d)) and / G lGT{d) such that 
all values of / are in Z, respectively. We consider the Z-spaces nz — ©ds-R" -^gt{^) 
and gz = f)z ffl riz- Then Theorem C and Theorem D have the following Z-form. 

Theorem 5.10. (1) The Z-space Qz with the bracket [— ,— ] is a Lie algebra. 

(2) The symmetric bilinear form (— | — ) is invariant over Qj^ in the sense 
{[x,y\\z) = {x\[v^z]) for any x,y and z G Qz- 

(3) (— | — )|nzxnz is non-dcgenerated. 



6. Realization of generalized Kac-Moody Lie algebra 

6.1. As an application, we consider the case A = CQ where Q is a finite quiver 
without oriented cycle. In this section, we always use g to denote the Lie algebra 
arising from 'P2{A) which is defined in Section 5.2. We will show that the above Lie 
algebra is a generalized Kac-Moody Lie algebra and the corresponding symmetric 
Kac-Moody algebra is a subalgebra of it, by following the methods in |SV| and 
[DX| . When Q is a tame quiver, we will demonstrate that the precise structure 
of the symmetric affine Lie algebra can be revealed from the derived category of 
representations of Q. This phenomenon was first discovered in |FMVj and extended 
in [LP] . 

We fix the embedding mod A in D^{A) by taking any X G mod A as a stalk 
complex X* = {Xi) with Xq — X and Xi = Q for i ^ 0. Hence, we have the 
induced embedding of mod A in 2?2(^) since the functor F in Section 4.1 is dense 
(See [PX2] Corollary 7.1 or Hi]). Moreover, V2{A) ^ IC2{r{A)). 

Let ind272(^) be the set of isomorphism classes of all indecomposable objects in 
'D2{A) and ind {A) be the set of isomorphism classes of all indecomposable objects 
in mod {A). We know that indI?2(A) = ind {A) U (ind (^)[1]) by [E]. 
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For any a G -K'o(niod A), let K{A,a) be the module variety on the dimension 
vector a. Let AfG(a) be the C-space of Ga-invariant constructible functions over 
K{A,a). We can define a convolution product over Mg{A) = ®a^K„ijnodA) -^^g(") 
such that 

loi*lo2{M) = x({0 C Ml C Af I Ml = Y,M/Mi = X for some X e ©1,^ e Oa})- 

for any M e E(A, ai + aa) and any Ga-invariant constructible subsets Oi C 
E(A,ai) and O2 C E(A,a2) (see [Hi] and [L5]). 

A function is called indecomposable if all points in its support set correspond 
to indecomposable A- modules. Let IcioL) be the C-space of Ga-invariant indecom- 
posable constructible functions over E(A, a). We set 

UA - /g(«) 

a^KQ{inodA) 

The convolution induces a well-defined Lie bracket over n^ (see IRie' and [DXX' ) . 
For any / € /^(a), there is an equivalence class / over 1^2(^,0) by the embedding 
mod A ^-i' IC2{'P{A)). It is not difficult to prove that the morphism: 

Ha -> 

lo H^ io 

is an injective Lie algebra homomorphism. So n^ is isomorphic to a Lie subalgebra 
(denoted by n"*") of g, which deduces a triangular decomposition g = n+ ® f) ® n~ 
and n = n+ ffi n^ where n~ := tT>i[l] is generated by lc)[i] with Iq £ n^- The 
triangular decomposition g = n+ ® f) © n~ and the non-degenerated bilinear form 
(— | — ) |nAenA[i] guarantee that g is a generalized Kac-Moody Lie algebra by [B]. 
The generators and generating relations can be constructed by the following process. 

6.2. First, Let C£{A) be the Lie subalgebra of g generated by all lox which Ox is 
the orbit of X with X exceptional object in 'D2{A). It can be proved that C£{A) is 
the corresponding Kac-Moody Lie algebra (see }PX3j Theorem 4.7). Let C£{A)^ = 
C£{A) n n* be its Lie subalgebras of positive and negative parts, respectively. We 
set gjl'(A) = C£{A)^ and Qq (A) = C£{A)^ . We shall construct the Lie subalgebra 
Qm{A) of n^(A) and the Lie subalgebra Qm{A) of g(A) for m > 0. 

Let m > 1 and suppose g^_i{A) and Qm-iiA) = g~_i © f) © dti-i have been 
constructed. We let 7r„j e N[/] have the smallest trace such that Qm-ii^}-^m ¥" 
n+(yl)7r„, . Then we define 

Ll^ ^ {x+ e n+(A).,„ I (a;+|0-_i(A).„J = 0} 

and 

L-^ = {y- e n-(A)^„ I (g+_i(A).,Jy-) - 0} 

We now denote by 0m(^) the Lie subalgebra of n^(A) generated by g„_i(v4) and 
L^^, respectively. Set g(A)„j = 0m(^) © <) © Q^{A). As a conclusion, we obtain 
the chains of Lie subalgebra of n^{A) and of g{A): 

g=^(A)o c g^(A)i c • • • c g^(A)„, c • • • c n±, 

g(A)o c g(A)i c • • • c Q{A)„^ c • • • c g. 

For m > 1, let rjm — dimcij = dinicL" . All tt™ lie in the fundamental set, that 
is, {TTm,i) < for i e / and m > 1 (see |DX] ). Depending on non-degeneracy of 
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(— | — ) In+xn-: ■we can construct a basis {Ep{m) | 1 < p < r/m} of i+^ and a basis 
{Fp{m) I 1 < p < ?7m} of L^^ such that 

Now we set e^ — Ei{0) — l^g, and fi = Ei{0) = losfij fo^' * ^ ^' where 5^ 
is the simple A-module at the vertex i. Let Cj ~ Ep{m) and fj — Ep[m) for 
j = {■Km.p) G J where J = {(7r,„,p) | 1 < p < ?7m}. If j = (tt^.p) G J we denote 
/ij = ft.7r„, . Following the above construction, g is the Lie algebra generated by e^, /i 
and [) for i G / U J. We define a;(ei) — fi ioi i E I U J and a;(ft,i) = — /i^ for 
i £ L The property of non-degeneracy of (— | — ) |n+xn- implies that w : g — >■ g is 
an involution. 

The triangular decomposition g = n~©t)©n+, the non-degeneracy and invariance 
of bilinear form (— |— ) guarantee the generators satisfy the generating relations of 
the generalized Kac- Moody Lie algebra (see [SV and }DX) ) . Hence, we have the 
following theorem by [Bj : 

Theorem 6.1. Let A = CQ. The Lie algebra g is a generalized Kac-Moody Lie 
algebra with the following generating relations: 

(1) [hi,hj] = for any i,j £ I; 

(2) [hi, ej] — {i,j)ej for any i E I and j G / U J; 

(3) [hi,fj] = -{i,j)fj for anyiel and j £ lU J; 

(4) [a, fj] = Sijhj for any i, j G / U J; 

(5) {adciY'"^^^ e-j ~ {adfiY^"-^^ fj — for any ieI,jelUJ and i ^ j; 

(6) [ei,ej] = [ft,fj] = ifoij := {i,j) =Ofori,jelU J. 

Moreover, the Lie subalgebra Qo{A) generated by ei, fi and hi for i £ L is the 
derived Kac-Moody Lie algebra with Cartan datum (/,(—,—)), where (— ,— ) is the 
symmetric Euler bilinear form of Q. 

6.3. In the following part, we will suppose Q is a Dynkin or tame quiver. An 
explicit construction of the positive part of affine Kac-Moody algebra has been given 
in [FMVj via Hall algebra approach. We will verify that, if we apply our result to 
the case the derived category of representations of a tame quiver, the main result in 
[FMV| can be extended easily to give a global realization of the affine Kac-Moody 
algebra. We remark here that the similar result has been obtained by jLPj in a 
different way. 

6.3.1 As showed in [GM] and pCZZ) . BGP-functor( see [BGP] ) can be defined over 
root category 2?2(^), denoted by: 

T)l{A) > Vi(GaA) 

where a is a source (sink) of quiver Q and GaA = C((TaQ)- In particular, 

iI,„(5+)(5J-5l[l] 

where Sa and 5^ are the simple modules at the vertex a in mod A and modcraA, 
respectively. The explicit construction as follows (see Ex 4.6 in [GM] ). Let M' = 
(M„, dn) G T)i{A) where M„ = (C"", a;„) with dimension vector ai for n £ Z. Re- 
call C"" = ©^gQ^ C^'f"") and:r„ = (x„,„)„6q, withx„,„ G Hom(C'^=(°)(""), C'^'(°)("'' 
Of course, Af„ = Af„+2. Define Hm{Sf){M*) = {Nn,dn) G I?2(ctjA) as follows. 
Assume that Nn = (C^", y^) with dimension vector /3„. Then 

Cd.(/3.)=c''.(".) for any z^ a. 
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and 



and for /3 g Qi, 



yn.,l3 



iab)eQi 



Xn,i3, if i(/3) 7^ a, 

the embedding, otherwise. 



Recall that C£{Q) is Lie subalgebra of g generated by the character functions of 
exceptional objects in the root category. This functor induces the homeomorphism 
between 7^2 (^) and 7^2 (fj^) so that we have the following isomorphism between 
the corresponding Lie algebras: 

^i : ££{A) -^ C£{a,A) 

By Theorem 6.1 we have the following canonical isomorphism: 

</. : g(C) -^ C£{A) 

fixing the generators e^ and fi for i E I, where C = {I, (— , — )) is the Cartan datum 
of Q, q{C) is the derived Kac-Moody Lie algebra corresponding to C. Moreover, 
we have the following commutative diagram (see }XZZ] ): 

0(C) ^^^^ 0(C) 



C£{A)—^C£{a^A) 
where Si := exp{adei)exjp{ad{^ fi))exjp{adei) is the isomorphism map defined in 



6.3.2 In order to give the concrete expression of Chevalley basis in 0(C) by the 
above isomorphism </> in C£{A), we will consider Lie algebra based on the Euler 
cocycle. Let Q is a tame quiver and R be the root system of the quiver Q. Let 5 
be the minimal imaginary root of i?+ . We denote by g' (C) the following _R-graded 
C-linear space: 

b'{C)^ n^(C), 
Qei?.u{o} 

such that 

• for each real root a a one-dimensional C-linear space n„(C) = Ccq with 
generator Cq, 

• for each imaginary root nS a C-linear space ^^^(C) — C[I]/CS, where we 
consider S as an element of R+ C Z[J] C C[/]. For h G C[I] we denote by 
h{n) the image of h under the natural projection map C[J] — >■ n^^(C). 

The space 0^(Q) is equipped with the bilinear bracket 
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e(a,/3)ea+/3 


ifa + /3ei?'-°, 


e(«,/3)a(fc) 


if a + /? = fc(5, 


ha 


if a = ~p, 





otherwise, 



(6.1) 

[h[n),ea] = -[ea,h{n)\ = e{nS,a){h,a)ea+nS, 

[h{n), h'{—n)]\ ~ n{h, h')c, c is the center element 

[h{n), h{m)] =0, ii n + m ^ 

where h E C[I], e is the Euler cocycle . The following is well-known. 

Theorem 6.2. The C-linear space g'^{Q) equipped with the above bracket is iso- 
morphic to the derived ajjine Kac-Moody algebra of type C . 



Next, we describe the structure of I?2(^) (See |H1| ) for A = <CQ of tame quiver 
Q. We know indl?2(^) = ind^Uind A[l]. The AR-quiver of I?2(^) consists of two 
components of form "LQ and two families of orthogonal tubes indexed by P^(C). 
We denote the two families of tubes by Tq = {T^ | z e pi(C)} and by N^ the 
period of T^ and Tq[1] = {^,[1] | z g P^C)}. Let L C ¥^{C) be such that the 
tube Tz is of period iV^ > 1 for any z G L. Then \L\ < 3. By [DR| . we may fix an 
embedding: n : V2{K) -^ X>2(^) such that tt{Tk) C Tq and 7r(Tif [1]) C Tq[1] for 
the Kronecker quiver K. It induces the Hall map tt* from Mgt{K) to Mgt{A). 

Let l(n,n) G lGT{K,{n,n)) be the equivalence class over V2{K,{n,n)) of the 
characteristic function on the constructible subset of all indecomposable objects in 
modii' with dimension vector (n, n) for n e Z. We denote by Eo{n) the image of 
i(n,n) under tt*. 

Let Mi.i^z be the regular simple objects in T^ and Mi^i,z be the indecomposable 
objects in T^ with regular length Z for i € TLjNzl such that the regular socle of Mi^i,z 
is Mi^i,z. Set Mi-i,z = Mi^i^z[^] for I > 0. Let Eij^z '■= ^Om , be the characteristic 
function of the orbit of Mij^z- If |^| ^ Q{modNz), then dim M, ; ^ G i?*"*^ and Ei^i^z € 
/:5(A). If I = nNz, then dimM,i, = n(5 and -Bi+i,;.^ - Eij.z G /:5(A) (See [FMV] 
and [PXL l. 

We define the function ^ : i? ^ ±1 by 

£(a) = (_l)(l+dimcEndM) 

for indecomposable object M with dim M = a. 

For any function /„ e /gt(2?2(^)), set f^ = C (")/«• 

Now we are ready to give the generalization of the main theorem in |FMV] . By 
using the reflection functor defined for 'D2{A) and following the method in [FMV] 
we eventually obtain the following result. 

Theorem 6.3. Let Q be any tame quiver without oriented cycles. The following 
map completely describes an isomorphism q'^{C) — ?> LE{A): 

'^'^{(ia) = Ea for any a G R'^'^ , 

5'^(ai,z(ri)) = Ei^nN^,z — Ei+i^nN^,z, 

S^(ao(n)) = -Eoin) 
E'{P)=hp,E'{c)^hs. 
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for any n G Z and [3 G Z[/] . 
Obviously, the set: 

provides a Z- basis oi C£{A). 
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